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Abstract
This work seeks to integrate temperature dependence into a microstructure-sensitive
fatigue model for titanium alloys produced by both extrusion and electron beam melting (EBM)
additive manufacturing, revising and enhancing the MultiStage Fatigue (MSF) model as the
foundational model framework. Traditional fatigue modeling has required design engineers to
conservatively use a lower-bound estimate of fatigue life predictions given a statistically
significant spread of experimental data that can span up to two or sometimes three orders of
magnitude for a given test condition. This variation in fatigue data has since been accounted for
with the advent of the MSF model, linking individual microstructures to their influence on fatigue
life in three distinct stages: incubation, small crack growth, and long crack growth. Since the
inception of the MSF model in 2003 by McDowell et al. [1] where it was applied to a cast aluminum
alloy, its application has been expanded to a wide range of aluminum alloys, magnesium alloys,
steels, polymers, and even one titanium alloy made by laser engineered net shaping (LENS). The
MSF model correlates a set of parameters to unify model constants for a given material chemistry
across a range of alloys and processing methods. Currently, the Ti-6Al-4V (Ti64) alloy is being
implemented in aircraft and spacecraft as a corrosion-resistant lightweight structural metal with

good strength retention at elevated temperatures. However, the MSF model lacks any
temperature dependence. Therefore, this work integrates a temperature dependence to the MSF
model for the first time, applying the model to the Ti64 alloy in two new processing methods.
First the microstructure of both materials is characterized. Next, monotonic and fatigue
experiments are conducted with both extruded and EBM Ti64 at room temperature and at
elevated temperatures (150, 300, and 500 °C). Subsequent fractographic analysis reveals the most
deleterious microstructures and failure mechanisms. The experimental work informed the model
development for both materials, implementing a revised version of the MSF model that refines
and formalizes the changes and additions that have been made over the past two decades.
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CHAPTER:
I.

INTRODUCTION
Most “real-world” service environments are vastly different from the clean, room

temperature, uniaxial, and constant amplitude loading done for most experimental fatigue
research. In fact, many service environments vary in all four areas: some form of corrosion, hightemperature or fluctuating temperatures, multiaxial loading, and variable amplitude load cycles.
As a result, while the textbook stress-life curves of materials are still useful for simple
applications, direct experimentation is often required to determine the fatigue life for components
subject to complex service environments. The experimental approach is both time-consuming and
expensive, thus prompting the development of more capable fatigue models which may account
for the influence of corrosion, temperature, multiaxial stress states, and variable amplitude
loading.
To the author’s knowledge, no model exists yet that may accurately predict fatigue life for
metals considering all four of these factors. However, there are several models that individually
address one or a few of these as the scientific community works towards a more robust and fully
comprehensive model. This work specifically reviews the development of temperature-sensitive
fatigue models and the inherent challenges therein. The current demand for more accurate
models in the modern age of plasticity-tolerant fatigue design requires consideration of
microstructure sensitivity. A modification to the microstructure-sensitive MultiStage Fatigue
(MSF) model is proposed that incorporates temperature sensitivity, pushing the community
towards the ultimate goal of a fully capable fatigue model.
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In this work we utilize Ti-6Al-4V (Ti64) as an example material to determine model
constants and material parameters to calibrate the model. Prior work in the MSF community has
rigorously studied aluminum alloys [1–7], magnesium alloys [8–14], steels [15,16], polymers
[17,18], and one titanium (Ti) alloy [19]. Here we week to expand the knowledge on Ti alloys at a
particularly relevant time according to industrial need. The expeditious growth of additive
manufacturing is broadening the audience and applications of premium materials including Ti64
as costs are driven down by rapid production and less material waste. Thus, now more than ever,
industry demands a more accurate fatigue model that can reflect unique material properties
driven by processing methods, and a model applicable to unique service environments.

1.1 Research Motivation
There is a gap in literature investigating temperature-dependent and microstructure-sensitive
fatigue modeling. On their own, there exist a variety of temperature models to capture plasticity
and creep behaviors [20–25], and separately there have been a wide variety of fatigue models
from the linear elastic fracture mechanics assumptions of the Paris-Erdogan power law
relationship to the much narrower field of microstructure-sensitive fatigue modeling, in which
the multistage fatigue model [1] is a prominent figure. However, to the author’s knowledge, little
to no attempts have been made to model cyclic behavior with both microstructure sensitivity and
temperature dependence. Additionally, with the growing applications of titanium alloys, and the
general lack of literature on this material compared to other structural metals such as steels and
aluminum alloys, it seemed fitting to help fill that gap as well.
The Ti-6Al-4V alloy was selected for investigation for a few reasons. First, titanium fatigue
behavior is not yet well-known by the MSF community, aside from a single paper by Torries [19]
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applying the MSF model to a Laser Engineered Net Shaping (LENS) additively manufactured
Ti64. Beyond this, in the fatigue community as a whole titanium fatigue is known primarily in
the long-crack regime under the assumptions of linear elastic fracture mechanics.
It is well understood that a material’s processing method is the primary influence on its
resulting microstructures [26]. This in fact is a foundational principle of the multistage fatigue
model, whereby alloys produced by the same processing method share a set of model constants
[27]. Modern technologies have driven a prolific expansion and integration of additive
manufacturing (AM) methods into engineering applications, and titanium alloys are certainly not
excluded from that influence. A variety of metal AM methods have made it possible to create
complex geometries directly from a CAD file that might otherwise be impossible by traditional
subtractive manufacturing methods [28]. This capability, coupled with the rapid development of
computational tools for topological optimization, make 3D-printed titanium alloy components an
ideal candidate for high-performance lightweight structural applications.
The recent history of metal AM research generally tells of materials whose performance does
not yet measure up to the capabilities of their wrought counterparts. The AM build processing
parameters are highly sensitive in dictating the resulting microstructures of printed components
[29,30]. The elimination of common defects such as gas pore entrapment, voids, lack of fusion,
and severe anisotropy due to layering and thermal history are constant challenges for the AM
community. However, one of the more promising emerging methods is electron beam melting
(EBM), which when built under a vacuum in a controlled environment can produce highly dense
parts with minimal defects in comparison to other methods. Given Liberty University’s
ownership of an ARCAM Spectra-H EBM machine, this is a perfect opportunity to test EBM Ti64

4
and compare its performance to extruded Ti64 in an effort to better correlate processing
parameters to performance characteristics, and advance the use of AM components.

1.2 Research Objectives
The four primary objectives of this research are as follows:
1. Modify and enhance the MSF model to use as a foundation.
Since the inception of the MSF model introduced by McDowell et al. [1] in 2003, numerous
extrapolations and expansions have been made to apply the model to new materials, new
processing methods, or to try to capture new physical phenomena and microstructural influences.
As a result, the MSF literature now contains many different versions of the original model,
making it difficult for those new to the model to gain a complete understanding of its makeup
and how to apply it. Thus, this work has reviewed all the MSF literature to create a formalized
version of the MSF mathematical model and nomenclature complete with full definitions and
explanations of each referenced parameter and equation, including a few revisions and changes
that enhance it going forward.
2. Conduct experimental testing.
A more robust and accurate MSF model requires a direct relationship between a
characterization of microstructure and the material’s performance in monotonic and cyclic
loading. While there exists some published fatigue data for the Ti64 alloy, it is often not coupled
with a thorough investigation and characterization of microstructure, so the influence of
particular microstructures on the fatigue performance is unclear. Further, the literature is lacking
high-temperature fatigue testing of Ti64, especially strain-controlled testing. Therefore, this
research has empirically determined the required inputs for the MSF model to produce a more

5
robust and accurate model. This includes microstructure characterization of extruded and EBM
Ti64, room temperature and high temperature monotonic testing, and room temperature and
high temperature strain-controlled fatigue testing.
3. Conduct fractography for material characterization and fatigue sensitivity of AM and
extruded Ti64.
The study of fatigue fracture surfaces can inform fatigue failure mechanisms and crack
incubation sites. This knowledge influences how the modeler applies weighting factors and
microstructure sensitivities to the MSF model to best represent which microstructures are most
deleterious and their respective effect on fatigue life.
4. Integrate the best temperature-dependent scheme from literature (or create a new one).
Various temperature models have been used in literature to produce the effects of thermal
phenomena. These are investigated and the best-fitting approach will be applied to the MSF
model.

1.3 Organization of Thesis
This thesis work is divided into eight chapters, followed by references and additional figures
and tables in an Appendix.
Chapter I introduces the topic and describes the motivations behind this research avenue, and
the stated objectives that this work seeks to accomplish.
Chapter II reviews the relevant works in literature, covering topics including background on
the Ti-6Al-4V alloy, additive manufacturing, a physical understanding of temperature effects and
thermal phenomena, plasticity theories, the internal state variable model and the multistage
fatigue model.
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Following the literature review, Chapter III describes the experimental methods for all
experimental work conducted herein to promote clarity of the results and repeatability in the
future.
Next Chapter IV presents the static (monotonic) mechanical behavior of the extruded and
EBM Ti64, including experimental test results at both room temperature and elevated
temperatures, and fractographic analysis which reveals distinct failure mechanisms for each
processing method. Also in this chapter the microstructures of both the extruded and EBM Ti64
are characterized through optical and scanning electron microscopy.
Chapter V presents the cyclic performance of both materials at room temperature and
elevated temperatures. This includes the generation of traditional fatigue plots such as RambergOsgood correlations to the cyclic stress-strain data, and strain-life behavior correlated by the
familiar Basquin and Coffin-Manson equations for the elastic and plastic strain components
respectively. Also in this chapter is a brief fractographic analysis of the extruded and EBM Ti64
fatigue failure surfaces to demonstrate the unique failure mechanisms and critical
microstructures where fatigue crack incubation begins.
Chapter VI details a review and revision of the MultiStage Fatigue (MSF) model, beginning
with a nomenclature section defining and describing model parameters, followed by a list of all
the model equations separated by fatigue stage (incubation, small crack, and long crack), and
lastly a complete description of the MSF model to explain the origin and influence of each
equation. Within this section the few changes and revisions being made to the model are
explained in detail.
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Chapter VII shows the application of the revised MSF model to the extruded and EBM Ti64
materials studied herein, also demonstrating the temperature dependence that has been
integrated to the model.
Chapter VIII states the final conclusions garnered from this research effort, succinctly stating
the key points and notable information. This is followed by a section describing areas of future
study that could not be included in the current study, but how the work begun here can readily
be expanded into new areas to refine the model parameters or further investigate some interesting
or challenging phenomena.
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II.

LITERATURE REVIEW

2.1 Alloy Selection
Ti64, also known as Grade 5 titanium, was selected due to its rapidly growing
applications, particularly in the aerospace industry. The Ti64 alloy is the most popular alloy of all
structural titanium being produced [31]. With a remarkably high specific strength, titanium alloys
have been a structural material of choice in aerospace and high-performance applications where
weight reduction is a primary design factor.
Titanium also offers other notable material properties including excellent corrosion
resistance and strength retention at high temperatures, but these desirable properties come at a
premium price. In its early years following the first formation of ductile titanium by the Kroll
process in the 1940’s [32], titanium was largely confined to military applications, including the
famous SR-71 Blackbird that was 93% titanium by weight [33]. However, at half the density of
steel and three times the strength of aluminum, and coincident with the rapid growth of the
aerospace industry, titanium quickly found commercial uses in aircraft skin, hydraulic systems,
rockets, ordnance, spacecraft, and air engines [34]. Despite offering the same beneficial
characteristics to the automotive industry, the more cost-conscious automotive market has
limited the use of titanium due to its substantially higher raw material costs and expensive
machining operations.
As the fourth-most abundant structural material in the Earth’s crust behind iron,
aluminum, and magnesium [35], it is not scarcity that drives titanium’s high price tag, but the
energy-intense extraction and refinement process. The Kroll process remains the most widely
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used process, though a few changes have been made over the years [36] with efforts to decrease
production costs. Ongoing work is investigating the viability of alternative methods including
the Armstrong process [37] (a variant of the Hunter process [35]) and the Cambridge process [36].
Simpler and more efficient production methods that drive down commercial costs would make
titanium a viable material choice for a much greater array of applications.

2.2 Additive Manufacturing
Today, premium materials like Ti64 are finding new applications and reaching a broader
audience due to the advantages of additive manufacturing (AM). There is an increasing draw
towards AM processes which offer precision manufacturing with rapid production times and
minimal material waste. Traditional subtractive manufacturing methods from wrought Ti alloys
yield reliable performance permissible in aircraft, but are very costly due to the unique tooling
required and the wasted material subtracted to obtain the final component geometry. Currently
the fatigue life variation and overall decrease in mechanical properties within AM materials is
too great a risk for industries to comfortably manufacture critical components by these methods.
For instance, studies done by Edwards and Ramulu [38] demonstrated a 75% decrease in fatigue
strength with as-built SLM fabricated Ti64 compared to corresponding wrought material, caused
by poor surface finish, porosity, and surface tensile residual stresses from high thermal gradients.
However, significant efforts are taking place to quantify the fatigue behavior of additively
manufactured titanium components for implementation to industry [39]. This includes
establishing more reliable performance metrics, and supplementing the AM processing
techniques with post-processing techniques such as heat treatments and hot isostatic pressing to
improve AM fatigue strength comparable to their wrought counterparts [30]. It shall be noted
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that the efforts herein to include AM materials into a microstructure-sensitive fatigue model
consider the AM material to be fully dense within the basic geometry of the part. In other words,
the additional effects of infill patterns or macroscale lattice structures are not considered. For
further reference on fatigue strength of AM lattice structures the reader is referred to the work of
Refai et al. [40].
Kobryn et al.[41] described microstructural differences in the solidification of metal-mold
casting and direct laser fabrication to clarify why various mechanical properties are observed
with AM of Ti-6Al-4V. Direct laser fabrication tends to create prior-𝛽 grains in an epitaxial
columnar morphology growing perpendicularly through deposited layers, in which grain size is
most affected by incident energy, while for metal-mold casting the prior-𝛽 grains are more
equiaxed, and the primary influence on grain size is section size due to casting dimensions. As a
result, AM Ti-6Al-4V tends to have anisotropic properties with respect to the layering direction
which must be considered in component design. In a recent research work by Neikter et al. [29]
the microstructures present in Ti-6Al-4V from six different AM processes were compared and
characterized; electron beam melting (EBM), selective laser melting (SLM), laser metal wire
deposition without waiting between layers, and waiting 2 minutes between layers (LMwD-0 and
LMwD-2), laser metal powder deposition (LMpD), and shaped metal deposition (SMD). It was
determined that significant microstructural differences exist in as-built AM specimens by varying
the parameters of cooling time between layers, and incident energy. These differences exist due
to temperatures near the 𝛽-transus temperature, and variance in cooling rates. Grain boundary𝛼 thickness, 𝛼-lath thickness, and 𝛼 colony size are all found to be inversely related to cooling
rate.
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Laser engineered net shaping (LENS) is a popular AM method in which a high-energy
laser is focused through an optical lens to melt a metal powder in a fine area along a path dictated
by CAD models. Figure 1 taken from Brandl et al. illustrates the powder-bed manufacturing
process. This method has been applied to Ti-6Al-4V (Ti64) to form specimens that are then tested
in strain-controlled experimentation by [19] and [42]. Torries et al.[19] investigated the principal
fatigue influencing microstructures within LENS-fabricated Ti-6Al-4V samples in both as-built
and heat treated conditions. They concluded that porosity has the greatest fatigue-life influence
in as-built LENS structures, demonstrated by a significant proportion of pores visible on the
fracture surface. Parameters of pore size, distance to free surface, and pore shape were quantified
and applied to the MSF model with upper and lower bounds made by adjusting pore-related
parameters. Heat-treated LENS samples demonstrated greater fatigue resistance in which alpha
colonies located at the surface exposed by machining of the specimen were the dominant fatigue
initiation site rather than pores. Zhai et al.[42] examined horizontal (parallel to layers) and vertical
(perpendicular to layers) crack propagation in both high and low powered LENS-fabricated Ti64.
High powered manufacturing creates more equiaxed 𝛼 laths, while low power creates a
martensitic microstructure full of acicular 𝛼 phase due to the more rapid cooling rates. Heat
treatment of both high and low powered LENS material can significantly increase ductility,
though it is powerless to change the internal microstructure. Depending on orientation of crack
propagation (vertical or horizontal), a crack tends to interact differently with the layer boundaries
and columnar grains, contributing to the anisotropic nature of AM Ti64.
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Figure 1: Schematic drawing of powder-bed additive layer manufacturing, copied from [43].
Similarly, Benedetti et al. [44] investigated the fatigue capability and behavior of AM Ti64
Extra-Low Interstitial (ELI) but made by Selective Laser Melting (SLM), and modified various
processing techniques seeking to improve its mechanical properties. An as-built Ti64 component
by SLM has much poorer mechanical properties (primarily low ductility) and about half the
fatigue limit of its wrought counterparts due to significant surface roughness (𝑅𝑎 > 10𝜇𝑚), initial
powder contamination, evaporation or local voids after powder layer deposition, and lack of
fusion (LOF) defects as a result of insufficient energy density not melting some powder particles.
However, they found that these deficiencies can be mitigated by some in-process parameters of
laser scanning velocity and spot size, as well as post-process techniques including
electropolishing, hot isostatic pressing, and shot peening. While electropolishing does help in
reducing surface roughness, it was found to worsen fatigue life by removing enough material to
expose the largest pores and defects to the surface, highly susceptible to crack initiation. In
contrast, hot isostatic pressing was highly effective in improving fatigue life by decreasing total
porosity. Shot peening was helpful in establishing compressive residual stresses between 0.150.30mm below the surface, as well as decreasing as-built surface roughness. By combining the
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best improvements from these in- and post-processing techniques, the authors were able to create
SLM samples whose fatigue lives were comparable to wrought Ti64, yet with minimal tooling,
rapid production time, and low material waste.

2.3 Physical Assessment of Temperature Effects
Mathematical models tend to exist along a spectrum from physically based to empirically
based. The empirical models are built on the foundations of numerical methods on experimental
data to find mathematical functions that can best fit the data over a given range. Physically based
(or physics-based) models focus on representing the true physical phenomena as parameters
within the model, to re-create the shape of experimental data by adjusting the effects of known
behaviors. The Integrated Computational Materials Engineering (ICME) [26] paradigm is an
example of the physically based approach. For example, the MultiStage Fatigue (MSF) model [1]
being designed in three regimes, (incubation, small crack, and long crack) of which the first two
are dependent on specific measurable microstructures within the material. However, the MSF
model is currently limited to ambient temperature applications, lacking the integration of
temperature sensitivity.
In its simplest definition, temperature is the kinetic energy of atoms [45]. No atomic
movement is a temperature of absolute zero, while at increasing temperatures, materials will
uniquely experience phase changes and other phenomena at characteristic temperatures.
Focusing the discussion on metals in the solid state, the average interatomic distance between
atoms will increase with increasing temperature. It is for this reason that many mechanical
properties are dependent on temperature such as thermal expansion, crystal structure, yield
stress, strength, and ductility. In fact, interatomic bond length is a defining factor of the elastic
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modulus, which may be found as the slope of the force versus interatomic separation curve of
two atoms at the point it crosses the x-axis, shown by Figure 2.

Figure 2: Visualization of the elastic modulus determined by the slope of the interatomic force vs
interatomic separation curve at the crossing of the x-axis.
Generally, the fatigue strength of a material decreases with increasing temperature [46–
48]. Elevated temperatures induce large strain deformation, which assists in the incubation of
cracks and accelerates the crack growth rate [49]. As a result, cracks begin to incubate much earlier
at elevated temperatures. For example, Tokaji studied load-controlled high cycle fatigue behavior
of Ti-6Al-4V at elevated temperatures of 623 and 723 K (350 and 450 °C), finding that cracks were
generated earlier at applied stresses below the fatigue limit of ambient temperatures, indicating
a decreased initiation resistance. Further, he found faster growth of small cracks at higher
temperatures even considering a correction for the elastic modulus [50]. With cracks incubating
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much earlier at high temperatures, most of the life was dominated by the small crack regime, with
very little time spent in incubation prior to crack formation.

Figure 3: The metal temperature spectrum, showing (a) the typical behaviors observed in metals
with increasing or decreasing temperatures and (b) the common phenomena with approximate
locations relative to ambient and melting temperatures.

2.4 Temperature Phenomena
Temperature phenomena within metals generally exist along a spectrum between room
temperature and melting temperatures. (Figure 3) The first of these phenomena is typically creep,
often beginning to have notable influence at about 30% of the melting temperature (in Celsius),
with increasing effect as temperature increases [51]. Intuitively, with rising temperature the
interatomic separation increases, and thus the interatomic force or bond strength subsequently
decreases. This accounts for reduction in yield stress and decreasing elastic modulus at elevated
temperatures. The phenomenon of creep is the behavior of a solid to slowly deform inelastically
under the influence of constant stresses, even despite being well under the yield stress. This creep-

16
plasticity has been a frequent topic within the circles of crystal plasticity, resulting in several
models being produced to represent its behavior (to be discussed later).
The next temperature phenomenon is grain growth and recrystallization, whereby grain
boundaries begin to shift causing the average grain size to increase as dislocations are moved
towards the boundaries to promote a pure crystalline lattice within each grain (Figure 4).
Beginning at about 40% of the melting temperature for most metals, this phenomenon also has
increasing effect at increasing temperatures. Since many mechanical properties are influenced by
grain size and dislocation density, recrystallization and grain growth are imperative to account
for in applications expected to reach such high temperatures.

Figure 4: Image from Cho [52], depicting dynamic recrystallization and grain growth from one
time step to the next, driven by grain boundary energy resulting in a volume fraction of
dislocation-free crystal.
A third temperature phenomenon of phase change occurs within some materials. For
example in Titanium alloys, the beta-transus temperature occurs at about 50-60% of the melting
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temperature, indicating the temperature at which a phase change occurs shifting between bodycentered-cubic 𝛽-phase above the beta-transus, and hexagonal close packed 𝛼-phase below the
beta-transus [53]. Though most in-service components typically do not see temperatures near or
above their phase transformation temperature (perhaps aside from nuclear power generation
environments), the unique results seen in this realm remain relevant. Schuh and Dunand [53]
investigated the behavior of super 𝛼2 titanium aluminide isothermally crept to failure above the
beta-transus temperature, as well as thermally cycled about the beta-transus with a low applied
stress. They observed thermal ratcheting and transformation superplasticity, in which the
thermally cycled specimen strained 610% before failure, while the isothermally crept specimen
failed at 110% strain. The extreme strains were attributed to additional stresses induced by
competing thermal expansion coefficients of the two phases, as well as the deformation during
phase transformation being a pseudo-creep process dependent on the flow stress of the weaker
phase material.
At high temperatures in Ti alloys, Ghonem [90] postulates that fracture mechanisms are
governed by the slip process taking place within the crack tip region, applying to both
Widmanstätten and fully lamellar microstructures. Specifically, in the 𝛼/β lamellar alloys, the
fatigue crack growth process is dominated by transcolony fracture along heavily sheared slip
bands. There also exists an interesting relationship between frequency and the angle of crack
paths relative the long axis of the lamellae. High frequencies produce nearly equal tendency for
near-0° and near-90° crack paths, while at low frequency the near-90° cracks are reduced
significantly at 520 °C. More interesting yet, this phenomenon is almost absent at an increased
temperature of 595 °C. The proposed theory is that 𝑎2 HCP prism slip is reduced with low loading
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frequency, which directly reduces the near-90° crack paths at lower temperatures. However,
higher temperatures reduce the anisotropy of slip transmission at the 𝛼/𝛽 interfaces, promoting
cracking on the basal plane along a direction perpendicular to the 𝛼/𝛽 interface.

2.5 Plasticity Theory as the Foundation for Modern Fatigue Models
Before addressing the first temperature-sensitive models, we must acknowledge that even
among ambient temperature fatigue models there exists a wide range of differing opinions.
Continuum-slip plasticity models have gained popularity in the study of metal deformation and
texture evolution. Early modeling approaches of anisotropic plasticity [20–22] sought to answer
fundamental mechanical properties of crystals under simple boundary conditions. Those
mechanical properties include the crystallographic nature of shear mechanisms as well as the
relative orientations of the crystals studied. Pioneering formulations by Sachs [20], Taylor [21],
and Bishop-Hill [22] paved the first steps but did not consider polycrystal interactions or respond
to more complex boundary conditions. Thus, crystal plasticity finite-element (CPFE) models were
born [54], using finite-element approximation tactics to solve complex continuum constitutive
equations. The constitutive models used in CPFE methods are categorized as phenomenological,
(non-microstructure based) and physics-based (relying on internal variables of microstructure).
Phenomenological models use the state variable of critical resolved shear stress (CRSS) to define
the material state as a function of total shear and shear rate, based on original formulations by
Rice et al. [23], Hutchinson [24], and Peirce [25] for FCC crystals. This approach utilizes a
hardening matrix as a means of capturing micromechanical interactions among different slip
systems to modify the CRSS in each fixed slip system. The physics-based models instead
substitute an evolution of dislocation densities in place of the evolution of hardening [55].

19
Consequently, substantial variation is seen among physics-based models arising from the
selection of salient microstructures and their influence. For instance, Horstemeyer et al. [56]
pointed out how the effects of dislocation substructure had been neglected in polycrystalline
plasticity formulations, and was the first to introduce a second rank tensorial internal state
variable to address the microheterogeneity resulting from dislocation substructure evolution.
Presently, many material models exist to predict the constitutive behavior of materials of
interest. Monotonic constitutive behavior has been effectively captured over a wide range of
strain-rates with the hyperbolic sine model of Dunne et al. [57,58], and that of Hayhurst [59–62].
Continuum models have often been applied with success to the mechanical description of metals
behavior, notably the work of Hayhurst et al. [63]. This model described different mechanisms
such as viscoplasticity, hardening, metallurgical microstructure evolutions and cavitation
damage. Classical mechanical test results can be used to fit the corresponding state variables
which obey simple phenomenological laws. This approach provides a strong foundation which
has been used with slight modification for application to other materials with pointed
investigation. An example is the hyperbolic sine material model of Pétry et al. applied to 9% Cr
steels [64]. The Garofalo hyperbolic sine model of Samantaray et al. [65–67] has also been applied
for monotonic conditions, including an Arrhenius type power law model from Nagode et al. [68].
In the case of Nagode et al., the Arrhenius power-law was determined to be insufficient in
describing the creep behavior of P91-type steel, and thus an improved power-law, stressdependent, energy-barrier model (Eq. 2.1) developed by Ule and Nagode [69] was used, proving
quite successful in describing the creep behavior of P91 steel under constant stress.
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Where 𝜀̇𝑚𝑖𝑛 is the minimum creep rate, 𝜎 is the applied stress, 𝑄𝑐 𝑚𝑎𝑥 is the limiting value
of the apparent activation energy when 𝜎 → 0, 𝐺 is the shear modulus, 𝑛 is the stress exponent, 𝑇
is the absolute temperature, 𝑅 is the universal gas constant, and 𝐶1 and 𝐶2 are constants.
While the mechanisms of material deformation and plasticity are fundamental to
understanding damage, fatigue crack development exhibits additional mechanisms requiring
new models. Hussain et al. [70] analytically determined a general expression (Eq. 2.2) for fatigue
life prediction of AA6061 at elevated temperatures (50-300 °C) through linear interpolation based
on the stress-life Basquin equation.
𝐵

𝜎𝑎 = 𝐴(𝑁𝑓 ) 𝑇 𝑐

(2.2)

Where 𝑇 is the absolute temperature in Kelvin, and 𝑐 is the sensitivity parameter.

This method calculated a 99% decrease in fatigue life at 300 °C when compared by the
Basquin relation to ambient temperature. Related work has found an 80% decrease in fatigue life
of AA6061 at 250 °C [49] and a 96% decrease in fatigue life of AA6110 at 250 °C [47]. However, an
E319-T7 cast aluminum alloy studies by Zhu et al. was found to decrease in fatigue life by only
about 23% in the high-cycle regime [46].
Only a few viscoplastic material models are applied under thermomechanical fatigue and
cyclic loading conditions. The Garofalo-type MATMOD material model has been applied
successfully to aluminum alloys [71–74] but unfortunately requires a wide range of experiments
to capture more than 20 material parameters necessary to calibrate the model [75]. The

21
phenomenologically-based Chaboche unified power law model is simpler, requiring information
only from isothermal fatigue and stress relaxation experiments to calibrate the necessary material
parameters. As a result, the Chaboche model has been applied extensively to a wide range of
materials [76–79]. The two-layer viscoplasticity model [80] and the Chaboche model are both built
upon the Norton power law flow rule, which is based on a constant strain-rate sensitivity.
Therefore, these models are limited to a narrow range of strain-rates, which Barrett et al. [81]
sought to expand to be applicable across a significantly broader range of strain-rates but without
the complexities of the MATMOD model.
Barrett et al. present an improved unified cyclic viscoplastic material model for high
temperature fatigue of P91 steel [81]. Its advantage over existing models is strain-rate
independence of parameters, for accurate interpolation and extrapolation across a wide range of
strain-rates and stress regimes, to reflect the variable operation of high-temperature power
generation plants. Developed originally from a thermodynamic framework similar to the
Chaboche model, this model combines a hyperbolic sine constitutive equation with anisothermal
cyclic evolution of isotropic and kinematic hardening variables. Isotropic hardening is included
to account for the cyclic softening effect which contracts the elastic domain in 3D stress space.
Translation of the center of this 3D elastic domain is caused by the Bauschinger effect, accounted
for through an Armstrong-Frederick type kinematic hardening evolution model [82].

2.6 Dwell Sensitivity in Titanium Alloys
Dwell-induced damage is a point of primary concern within the aerospace industry. Ti6Al-4V as well as near-𝛼 titanium alloys have been documented to show particular fatigue
sensitivity and a decrease in fatigue life when the load cycle contains a high stress dwell, like that
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experienced by a turbine blade in sustained cruising between takeoff and landing. The true
micromechanics taking place to cause this phenomenon are still being debated, but there are
leading arguments gaining approval. These are the concepts of “hard” and “soft” grain load
shedding, the role of hydrogen, and facet formation and propagation. A common morphology in
titanium fatigue specimens is a facet, which appears regardless of test temperature. The cause of
this subsurface fracture by faceting is attributed to deformation incompatibility, caused by the
limited active slip planes between the interfaces of 𝛼 and 𝛽 phases. [83]
Dunne et al. [84] presented a crystal plasticity model that sought to capture and quantify
the effects of fatigue facet nucleation. Facets are characterized by a quasi-cleavage appearance
across a region of near-uniform alpha phase crystal. There exists a worst-case neighboring grain
orientation called the “rogue grain combination,” in which a hard grain (c-axis parallel to applied
load) is adjacent to a soft grain (c-axis normal to the applied load), resulting in a prismatic slip
system at about 70 degrees normal to the load. This is the case of maximum grain-boundary
stresses. Furthermore, when a dwell is introduced to a load cycle, it is particularly damaging
because of the nature of titanium to “cold-creep” at room temperature [84]. Specifically, stresscontrolled experiments cause a phenomenon called “load shedding” in which the softer grains
will creep during a dwell, but since the stress is maintained to be constant, as the stress relaxation
due to creep in the soft grain occurs, the load is distributed to the neighboring hard grains which
increase in stress to the point of cleavage failure. It is in this case that fatigue facet nucleation is
experimentally observed, and the crystal plasticity model developed by Dunne was proven
correct by experiments.
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Bache et al. [85] investigated the dwell sensitivities in titanium alloys as they relate to
microstructural and textural conditions. Similar to statements made by Dunne [84], the quasicleavage facets observed were found to be a result of severe grain anisotropy in the alpha-phase
crystals due to load shedding, causing increased stresses on the grain boundaries of harder grains.
The possibilities of hydrogen playing a role in fatigue facet development were introduced, but it
was concluded that a hydride induced mechanism for dwell failure is highly unlikely, though it
may still play a role in plasticity and motion of dislocations. Titanium alloys with more beta phase
like Ti 6282 are found to be highly dwell insensitive due to the higher proportions of BCC crystal
forms, which are more homogeneous in slip deformation, and decrease the local anisotropy of
neighboring grains. Ti-6Al-4V was originally considered dwell insensitive, but when processed
to create a coarse-grained aligned morphology it does become sensitive to dwell, which is the
case in welding operations.
Contrastingly, Brandes et al. [86] have shown dwell sensitivity in a single-phase, equiaxed,
polycrystalline Ti-7Al, thermomechanically processed via extrusion to have essentially no hardoriented grains. Such work indicates that dwell sensitivity is inherent in near-𝛼 (and perhaps
other) titanium alloys.
Pilchak and Williams [87] sought to answer the crack initiation and propagation
mechanism differences between static, cyclic, and cyclic dwell loaded titanium specimens, while
investigating the possible influence of hydrogen. Their work involving tilt fractography and
EBSD demonstrated a morphological difference between dwell and continuous cycling in
titanium. In both loading types, cracks tend to initiate and preferentially grow by faceting, but
dwell fatigue facets are consistently observed to form on irrational {hkil} planes inclined between
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10-15 degrees to the basal plane, contrasted to those in continuous cycling forming on the (0001)
plane within the HCP lattice structure.
Coincidentally, several hydride habit planes including {101̅7} and {101̅4} have been
reported in titanium alloys, which are inclined about 15 and 24 degrees from the basal plane
(0001) respectively. These mimic very closely the observed dwell facet planes of about 10-23
degrees inclination. For this reason, hydrogen has been thought to be associated with the cause
of fracture plane inclination to the basal plane in dwell, by the nature of its high mobility within
a titanium crystal structure and its documented affinity to diffuse through the material, attracted
to areas of localized tensile stress. While numerous methods of hydrogen influence have been
proposed, including formation of BCC hydride particles causing significant local strains to the
HCP matrix, hydride particle fracture which then extends into the surrounding matrix, and
critical concentrations of hydrogen promoting microcrack nucleation, Pilchak suggests that the
most attractive answer is that of hydrogen enhanced localized plasticity (HELP). With supporting
research from Robertson and Birnbaum [88], there are repeated direct observations of hydrogen’s
influence on the mobility of various dislocations across multiple crystal structures, as it
accelerates dislocation behavior under constant applied stress. Shih et al. [89] even showed this
behavior in Ti-4Al having a softening effect in the 𝛼 phase, yet with fracture mechanism
dependent on crack growth rate.
At slower rates, hydride precipitation occurs at highly stressed regions, grows, and
fractures by brittle cleavage. However, at higher crack growth rates, the hydride cannot
precipitate fast enough before the crack tip has advanced out of the local region, resulting in
ductile fracture from the H enhanced slip dislocation, and extremely localized fracture only in
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areas with the highest H concentration. This looks something like tear ridges and dimples on a
facet surface, consistent with dwell and static-loaded experiments. However, despite the
apparent role of hydrogen in dwell fatigue life, Pilchak and Williams suggest that the effect of
microtexture region size overshadows the effects of hydrogen. Heavily microtextured regions are
those with similarly oriented basal planes, which afford an easier crack path than a fully
randomized distribution of grain orientation.

2.7 Internal State Variable Theory
The Internal State Variable (ISV) theory is built from a plethora of scientific and
engineering concepts, culminating in advanced structure-property capabilities with the potential
to capture the history effects of a material, and their influence on engineering applications [91].
Recently, Cho et al. [52] created an ISV constitutive model for unified static and dynamic
recrystallization coupled with grain size evolution. This model is applicable to history-sensitive
sequential boundary value problems, successfully validated for polycrystalline metals and
minerals. Of particular interest to the temperature-sensitive focus of this review, are the kinetics
of the internal state variables. Cho utilized a unified creep-plasticity context to define ISV
hardening equations that simultaneously capture work hardening and recovery behaviors.
Recrystallization and grain size evolution are formulated from the structure-property relations
perspective. Kinematic hardening induces a Bauschinger effect and anisotropic hardening
behavior. These mechanical behaviors are represented in the constitutive model by a tensor for
kinematic hardening and a scalar for isotropic hardening. All of these are incorporated into an
inelastic flow rule, which may be algebraically modified to determine a yield function.
Simultaneously solving the yield function with the isotropic hardening formulation results in a
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solution for stress and strain that is both temperature and rate-sensitive. As an inherently
transient model built on strain rate, this ISV model has not yet been hybridized with the modern
cycle-counting fatigue models. Some challenges naturally arise when trying to blend transient
formulations with those that are ignorant of time and instead count load cycles. This is an
opportunity for future research to synthesize the two methods to bring the successful
temperature sensitivity of ISV into the cyclic fatigue models.

2.8 MultiStage Fatigue (MSF) Model
A fatigue model built upon quantifiable microstructural parameters for the calculation of
fatigue crack nucleation and growth vastly improves the accuracy and precision of fatigue-life
relationships. This is exactly the work that has been done by McDowell, Horstemeyer, Lugo, Xue,
Jordon, Torries, and others in the growing multi-stage fatigue (MSF) field. They have successfully
developed MSF models for a wide range of Aluminum alloys [1–7], Magnesium alloys [8–14],
Steels [15,16], Polymers [17,18], and Titanium alloys [19]. Figure 5 exhibits a visual representation
of the expansion of the MSF model to new materials and processing methods, and Figure 6 a
grouping of publications by landmark developments. While the MSF model requires more
parameters than traditional methods, the increase in complexity can be outweighed by
improvements in accuracy of fatigue-life prediction. Further, the model may be modified by the
designer according to microstructural data available, simplifying the model greatly if specific
microstructural effects are known to have negligible influence.
The MSF model defines three stages of crack growth: incubation, small crack, and long
crack, according to continuum theory. The incubation stage is governed by damage
accumulation, monitoring local notch root cyclic plastic shear strain amplitude at damaging
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inclusion sites. The effects of damage location on shear localization preceding crack propagation
was investigated by Becker [92], Nicolaou and Semiatin [93], Horstemeyer et al. [94], and Pardoen
[95]. Once accumulated damage has extended plasticity beyond the sole effects of the inclusion
stress concentration, the small crack stage begins. Small crack growth is governed by cyclic crack
tip displacement, modified by internal state variables including measurable microstructural
parameters such as grain size and orientation, pores, particles, and hardness among others. The
long crack growth regime is governed by familiar linear-elastic fracture mechanics (LEFM)
principles using a modified Paris Law [96]. The transition from small crack to long crack growth
occurs when the crack growth rate calculated by the Paris Law exceeds the rate calculated by the
cyclic crack tip displacement formulation for small crack growth [1]. A complete description of
the MSF model, full list of equations, and nomenclature definitions are found in Chapter VI.
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Figure 5: A map of the historical development of the MultiStage Fatigue (MSF) model. Some key
predecessor publications (Gall, 2020 [97] and Horstemeyer, 2002 [98]) are acknowledged to
contribute heavily to the MSF model, but it officially began with the inaugural work of McDowell
et al. in 2003 when the model was applied to a cast A356 Aluminum alloy. This modeling
paradigm has since been extrapolated to a wide range of materials and processing methods, with
some key enhancements and abstractions added by various authors, all contributing to the model
in its final form as it is presented herein.
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Figure 6: Landmark developments in the MSF model over time. Developments are grouped
according to new materials, processing methods, microstructural characterization, mathematical
changes, and applications of a single suite of MSF model parameters to an array of alloys or
processing methods.
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III. MATERIALS AND METHODS
3.1 Materials
Two materials are included in this study: extruded and electron beam melted (EBM) Ti64.
The extruded Ti64 material was sourced as 5/8” diameter round extruded rod, from which
specimens were machined to shape on a lathe. The EBM Ti64 material began as a powder feed
material sourced from GE Additive, and specimens were printed vertically (longitudinal axis of
the specimens normal to the build plate) in the dog bone shape, but oversized by 0.4 mm on the
radius to account for material loss from polishing procedures.
Table 1 details the chemical composition of the Ti-6Al-4V samples from the current study
obtained by electron dispersive spectroscopy (EDS), and the compositions stated by other works
in literature whose data will be referenced for monotonic and fatigue results.

Table 1: Chemical composition of extruded and EBM Ti-6Al-4V samples from the current study
and found in literature.
Processing
Method
Extruded
EBM
Extruded
EBM

%Ti

%Al

%V

%C

%Fe

%O

BAL
BAL
BAL
BAL

5.49
4.61
6.12
6.0

3.69
4.41
3.99
4.0

0.64
0.67
0.013
0.03

0.24
0.32
0.190
0.1

0.53
0.78
0.120
0.1

%N

0.01

%H

Reference

<0.003

Current study
Current study
Carrion et al. [99]
Radlof et al. [100]

3.2 Microstructure Characterization Specimen Preparation
Samples for microstructural analysis were excised from both extruded and EBM
specimens using a diamond saw with low pressure and lubricated with cutting oil for a low-heat
and low-stress cut, so as not to alter any local microstructures. The samples were then hotmounted into a polymer base involving a heating to about 200 °C to melt and bind the polymer
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powder, but this temperature remains low enough that any microstructural changes are
considered insignificant. Both the longitudinal and transverse directions were studied, defined
according to Figure 41. Polishing was done by wet-sanding with silicon carbide papers 240, 320,
400, 600, 800, and 1200 followed by a 1-micron alumina slurry, and lastly set in a vibratory
polisher for 120 minutes in a 0.04 micron alumina slurry to achieve a mirror finish. Etching for
grain visualization was done using a Kroll’s etchant solution containing 2 mL hydrofluoric acid,
4 mL nitric acid, and 100mL deionized water. Microscopic imaging was done with a scanning
electron microscope, and a Keyence Confocal microscope on two sets of samples. The first set was
left at a polished surface, while the second set was subsequently etched after polishing to
elucidate grain boundaries.

3.3 Experimental Setup
Both monotonic and fatigue experiments were conducted to fully characterize the
extruded and AM EBM Ti-6Al-4V materials studied herein. Strain-controlled monotonic tension
tests were carried out on an Instron 5982 electromechanical test machine per the ASTM E8
standard at a strain rate of 0.001 s-1, both at room temperature and at elevated temperatures
including 150, 300, and 550 °C. Similarly, strain-controlled fatigue testing was done on an Instron
8801 servo hydraulic machine with a furnace attachment for higher temperatures that enclosed
the gage length of the specimen. The round specimen geometry detailed by Figure 7a was used
for both monotonic and fatigue testing at room temperature. For monotonic testing at elevated
temperatures, M12x1.5 threaded ends were machined on the specimens to mount them to Inconel
713C grips within the furnace apparatus of the Instron machine. Fatigue testing at elevated
temperatures simply required longer grip ends of the specimens to allow proper clearance for the
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furnace to be used between the grip heads of the machine, depicted by Figure 7b. All high
temperature tests (both monotonic and fatigue) were allowed to soak at temperature for a
minimum of 20 minutes prior to testing to ensure thermal equilibrium. Further, care was taken
to be sure no load was applied to the specimen in this time, often with one set of grips unclamped
to allow thermal expansion to take place freely, mitigating the possibility of creep deformation.
Despite monotonic tensile testing typically being unaffected by surface roughness, the
extremely rough surface of the as-built EBM specimens (𝑅𝑎 = 14.089 ± 4.5 𝜇𝑚) raised concerns
of introducing an appreciable mechanical notch due to its highly tortuous surface texture. As a
result, all monotonic and fatigue specimens (both extruded and EBM) in this study were polished
to a mirror finish, only accepted below a roughness measurement of 𝑅𝑎 = 0.1 𝜇𝑚 taken with a
confocal microscope.

Figure 7: Test specimen geometries used for monotonic and fatigue testing: a) Room temperature
monotonic and fatigue round specimen per ASTM standard E606/E606M-12. b) High temperature
fatigue specimen with elongated grip sections for furnace clearance. All dimensions are in mm.
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3.4 Polishing Procedures for Monotonic and Fatigue Specimens
Polishing of the EBM specimens began by using metal files while turning the specimen on
a lathe for uniform material removal until all surface porosity was removed. Then the process for
polishing the extruded and EBM materials was identical, using silicon carbide papers 240, 320,
400, 600, 800, and 1200 grit, and deionized water to wet-sand the gage section to a mirror finish
by hand while the specimen was turned on the lathe. The final grade was repeated in the
longitudinal direction to remove any radial scratches that could act as Mode I mechanical notches
when loaded in tension. The surface roughness of each specimen was then measured using a
Keyence confocal microscope at 50X magnification, taking an average of ten line-measurements
oriented parallel to the longitudinal axis. All specimens were required to be below the threshold
of 𝑅𝑎 = 0.1 micron to be considered an acceptable mirror finish. Surface roughness measurements
of each specimen are included in Table 11 found in the Appendix. It was determined that the final
material removal depth required to achieve a mirror finish from an as-built EBM specimen was
0.225 mm. As a result, the final gage diameter of the EBM specimens was about 6.7 mm, compared
to the 6.35 mm diameter of the extruded samples.
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IV: STATIC MECHANICAL BEHAVIOR OF TI-6AL-4V
4.1 Room Temperature
The results of the monotonic tensile tests of the extruded and EBM samples are presented
in Figure 8. The monotonic behaviors of extruded and EBM Ti64 are reasonably similar regarding
elastic modulus, yield strength, and ultimate strength. However, the greatest difference is in
ductility, where the EBM processing method results in an elongation to failure approximately
half that of extruded Ti64.

Figure 8: Monotonic tension test results of extruded and EBM Ti-6Al-4V at 0.001 s-1 strain rate
from the current study overlaid with similar data from literature.
The results gathered herein are supported by similar results from other work in literature.
For instance, Carrion and Shamsaei [99] tested an extruded Ti64 ELI alloy, producing extremely
similar results to the extruded Ti64 alloy studied herein as evidenced by how closely aligned
these two curves are in Figure 8. Monotonic behavior of Ti64 sheet material tested by Anjum et
al. [101] is also provided to illustrate the increased yield strength due to the grain refinement and
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work hardening resulting from the sheet rolling process. A recent study by Radlof et al. [100]
tested EBM Ti64 in multiple orientations, of which the vertical orientation also agrees well with
the results from this work. While there exists slightly greater variation in the EBM material, this
is to be expected given the increase in defect variety and severity from this build process.
Table 2 summarizes the mechanical properties measured from tests conducted herein and
also presents related work in literature to compare against. 𝐸 is the elastic modulus, 𝜎𝑦 is the yield
strength determined by the 0.2% strain offset method, 𝜎𝑢 is the ultimate strength, and %𝐸𝐿 is the
elongation to failure measured in percent strain. The (X), (XY), and (Z) given with the AM
processing method denotes the build orientations in which the longitudinal axis of the specimen
points along the stated Cartesian vector, where Z is normal to the build plate. Therefore, the (X)
and (XY) specimens were both built laying down on the build plate oriented horizontally and
diagonally respectively, while the (Z) specimens are oriented vertically. The room temperature
extruded Ti64 results agree very closely with that of Carrion and Shamsaei [99], and the results
of Lanning et al. [102] are also reasonable. Further, Radlof [100] and Chastand [103] both
published very similar results to what was found herein for the mechanical properties of EBM
Ti64. Note that in this study the only build orientation investigated is the Z direction, in which
the long axis of the specimen is normal to the build plate.

36
Table 2: Monotonic mechanical properties of Ti-6Al-4V at room temperature and elevated
temperatures from the current study and literature.
Processing
Method
Extruded
Extruded
Extruded
Extruded
Extruded
Sheet 2mm Thick
Forged Plate
Hot Rolled Bar
AM EBM (Z)
AM EBM (Z)
AM EBM (Z)
AM EBM (Z)
AM EBM (Z)
AM EBM (XY)
AM EBM (Z)

Temp
(°C)
23
150
300
550
23
23
23
23
23
150
300
550
23
23
23

𝜺̇ (s-1)
0.001
0.001
0.001
0.001
0.001
0.0005
0.001
0.001
0.001
0.001
0.0002
0.0002
-

AM SLM (Z)

23

-

𝑬
(GPa)
112
109
96
63
106
106
118
109
117
118
109
96
118
114
119

𝝈𝒚
(MPa)
980
850
708
510
992
1070
930
990
1013
891
773
619
1004
957
970

𝝈𝒖
(MPa)
1067
948
821
555
1062
1077
1035
1035
1044
959
871
725
1060
1037
1045

%
EL
16.3
15
7.8
8.8
8.9
13.1
10.9

127

961

1032

2.7

Reference
Current study
Current study
Current study
Current study
Carrion [99]
Anjum et al. [101]
Lanning et al. [102]
Lanning et al. [102]
Current study
Current study
Current study
Current study
Radlof et al. [100]
Radlof et al. [100]
Chastand et al.
[103]
Chastand et al.
[103]

4.2 Elevated Temperatures
Strain-controlled monotonic testing at elevated temperatures was also conducted for both
extruded and EBM Ti64. Strain rate was kept at a constant 0.001 𝑠 −1 , and two specimens were
tested for each temperature.

Figure 9 shows the monotonic tensile curves at increasing

temperatures obtained for the extruded and EBM Ti64. It is important to note that the
extensometer for the high-temperature monotonic tests is not fracture-tolerant, so it was removed
partially through the test to prevent damage. As a result, the ends of each of the curves are not
representative of the point of failure, and should not be used as elongation to failure
measurements. The results of the tests run for a given temperature were averaged to produce the
final curve shown, with error bars plotted to show the deviation from the average curve seen by
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the maximum and minimum values. As expected, greater variation was seen in the results of the
EBM material, particularly at high temperatures, though the 150 °C EBM Ti64 tests were nearly
identical. The extruded Ti64 exhibits greater plastic strain hardening in comparison to the EBM
Ti64 whose plastic portion of the curve is very flat following yield.
By plotting the mechanical properties of elastic modulus, yield strength, and ultimate
strength against temperature (Figure 10), it was determined that elastic modulus has a second
order relationship with temperature, while both ultimate and yield strength decrease linearly
with increasing temperatures. The parabolic shape of the elastic modulus relationship with
temperature was expected given the nature of the interatomic energy curves described by Figure
2. These temperature-dependent mechanical properties are integral to achieving the objective of
incorporating a temperature dependence to the MSF model, and their coefficients have been
added as new model parameters. The resulting correlation equations are listed with related
values listed in Table 3, where 𝑇 is the temperature in degrees Celsius.
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Figure 9: Stress-strain curves of extruded Ti64 (top) and EBM Ti64 (bottom) at increasing
temperatures from room temperature (23 °C) to 550 °C. Note the increase in error bar size
compared to the extruded material. Also note that the end of the curve does not represent final
fracture and shall not be used as a metric for elongation to failure. These were strain-controlled
tensile tests, so the end of the curve is simply when the extensometer was removed during the
test to prevent damage during specimen fracture.
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Figure 10: (Top) Elastic modulus temperature dependence for both extruded (blue) and EBM
(red) Ti64, displaying a relationship described by a second order polynomial. (Middle) Yield
strength (obtained using the 0.2% offset method) temperature dependence displaying a linear
relationship. (Bottom) Ultimate strength temperature dependence displaying a linear
relationship.
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Table 3: Coefficients for temperature-dependent monotonic mechanical properties of extruded
and EBM Ti-6Al-4V.
Parameter
𝐸1
𝐸2
𝐸3
𝜎𝑦1
𝜎𝑦2
𝑆𝑢1
𝑆𝑢2

Extruded Ti64
-0.1433
-13.751
113463
-0.8726
982.85
-0.9729
1097.6

EBM Ti64
-0.04707
-17.6678
119617
-0.719
1005
-0.5964
1051.5

Equation
𝐸(𝑇) = 𝐸1 𝑇 2 + 𝐸2 𝑇 + 𝐸3

𝜎𝑦 (𝑇) = 𝜎𝑦1 𝑇 + 𝜎𝑦2
𝑆𝑢 (𝑇) = 𝑆𝑢1 𝑇 + 𝑆𝑢2

4.3 Monotonic Fractography
Analysis of the monotonic fracture surfaces revealed vastly different failure mechanisms
between the extruded and EBM Ti64 materials. Figure 12 clearly represents these differences by
juxtaposing the fracture surfaces of the extruded and EBM Ti64 from room temperature tests. The
extruded material exhibits classical ductile failure features including significant dimpling from
void nucleation, growth, and coalescence, particularly near the center of the specimen where the
damage is greatest due to triaxial stresses. Figure 13 further illustrates the effect of temperature
on these ductile failure mechanisms, in which increasing temperature is shown to drastically
increase the size of the void dimples shown on the fracture surface, indicating an increase in void
growth and coalescence. A cup-and-cone formation can also be seen around the perimeter of the
extruded Ti64 fracture surface, again typical of most ductile materials.
In contrast, the EBM Ti64 showed very little ductile dimpling, with only a small region in
the center of the fracture surface exhibiting void nucleation, growth, and coalescence. Rather, the
EBM failure surface is a highly tortuous array of craters and peaks, dominated by shear failure
along a 45-degree maximum shear cone originating from brittle cleavage sites at lack of fusion
defects. This mechanism of failure is detailed in three stages by Figure 11. Also, Figure 40 in the
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appendix provides an additional image of lack of fusion defects with clear spherical powder
morphology contained inside a zone of smooth brittle cleavage on the monotonic fracture surface.

Figure 11: EBM Ti64 monotonic failure mechanism schematic showing three stages of failure.
Stage I is at the start of loading, where columnar grain structures with lack of fusion (LOF) defects
exist inside the material. Stage II is brittle cleavage of the columnar grains at the primary LOF
defect sites, initiating plastic shear along 45-degree planes from the cleavage site. Stage III is final
failure along coalesced shear planes revealing mountain/valley structures with a cleaved LOF site
at their center.
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Figure 12: (Left) Extruded Ti64 23 °C monotonic tensile specimen fracture surface demonstrating
clear ductile failure features of a classical cup-and-cone formation from shear failure along the 45
degree shear plane, and severe dimpling in the central region where triaxial stress was greatest
and void nucleation and growth occurred. (Right) EBM Ti64 23 °C monotonic tensile specimen
fracture surface demonstrating large peak/crater structures with cleaved surfaces at their centers,
in addition to lack of fusion and porosity defects. The fracture occurred generally along a 45degree shear plane from one side to the other.
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Figure 13: Monotonic fracture surfaces imaged all at 27x (top) and 400x (bottom) magnification
of extruded Ti-6Al-4V at increasing temperatures from 23 °C to 550 °C, visualizing the increase
in ductility with increasing temperatures. This is evidenced by the increasing degree of necking
and smaller final fracture cross-sectional area. The lower set of images clearly displays an increase
of void nucleation, growth, and coalescence with increasing temperature as the primary damage
mechanisms.
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4.4 Microstructure Characterization
The internal microstructures of both extruded and EBM Ti64 were characterized by
microscopy on longitudinal and transverse samples excised from both materials. Refer to Figure
41 for clarity on the orientations of the longitudinal and transverse directions. As described by
the experimental methods section, the excised samples were hot-mounted and subsequently
polished by wet sanding with increasingly fine silicon carbide metallurgical papers, finishing
with an abrasive alumina slurry on the vibratory polisher. Imaging and measurements for
microstructure characterization were conducted on mirror-polished specimens and specimens
etched for 20 seconds with a Kroll’s etchant solution, such as those presented in Figure 14.
Additional measurements were taken from the fatigue fracture surfaces to measure the
size and relative spacing of the microstructures that incubated a crack. This included measuring
subsurface particles and particle clusters in the extruded Ti64 material, and the debonded
particles and lack of fusion defects in the EBM Ti64 material. These measurements are
summarized in the histograms shown by Figure 15, which represent measurements from four
samples of extruded Ti64, and ten samples of EBM Ti64. The particle size distribution in the
extruded material is fairly random, though the most common particle sizes are in the range of 35 𝜇m, and some of the largest observed particles were approaching 20 𝜇m. However, the spatial
distribution of the subsurface particles in the extruded Ti64 is strongly favored toward small
clustered groupings of particles, evidenced by the greatest number of counts of nearest neighbor
distance (NND) being in the smallest range of 6-15 𝜇m. In light of this, it shall be noted that
clusters of particles had a more significant influence on incubation life, effectively behaving as a
single larger particle. The work of Gall et al. [97] supports this fact, claiming that the stress fields
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of neighboring inclusions begin to interact strongly at distances of less than four particle
diameters from one another. Thus, subsurface particles in the extruded Ti64 at a typical size of
about 5 𝜇m and a NND of less than 20 𝜇m had a greater collective influence than simply the effect
of their own individual sizes.
The EBM Ti64 material demonstrates a more predictable normal distribution of particle
sizes, with the typical particle inclusions being debonded particles of feed material that did not
fully melt in the build process. Therefore, the particle size distribution is directly related to the
particle size distribution of the powder feed material, with maximum and average particle sizes
correlating well to that of the feed powder of approximately 50 𝜇m and 120 𝜇m respectively.
Further, the average NND between debonded particles in the EBM material is found to be about
115 𝜇m; just greater than 2 particle diameters apart. Therefore, the EBM Ti64 is highly susceptible
to multiple interacting stress fields of neighboring debonded particle stress concentrations. Table
4 summarizes the relevant microstructural measurements gathered from fractography and
polished and etched samples.
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Figure 14: Confocal microscopy of etched extruded (left) and EBM (right) Ti64 longitudinal and
transverse cross-sections, taken at increasing magnification from top (5x) to bottom (150x).
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Figure 15: Extruded (top) and EBM (bottom) Ti64 microstructural statistics of particle size (left)
and nearest neighbor distance (NND) (right). These measurements were taken from fatigue
fracture surfaces of tests conducted at room temperature.
Table 4: Microstructure measurement summary of EX and EBM Ti-6Al-4V.
Description
Longitudinal grain size

Symbol
𝐺𝑆𝑙

Transverse grain size

𝐺𝑆𝑡

Grain aspect ratio

𝐺𝑆𝐴𝑅

Average 𝛼-lath thickness

𝑡𝛼

Maximum pore/particle size

𝑚𝑎𝑥
𝑑𝑖𝑛𝑐

Average pore/particle size

𝑑𝑖𝑛𝑐

Average NND

𝑑𝑁𝑁𝐷

𝑎𝑣𝑔

Proc. Method
EBM
Extruded
EBM
Extruded
EBM
Extruded
EBM
Extruded
EBM
Extruded
EBM
Extruded
EBM
Extruded

Value
79.32
3.46
327.03
28.07
4.21
8.11
0.7-1.1
0.88
85.5
17.6
44.3
7.8
115
29

Units
𝜇m
𝜇m
𝜇m
𝜇m
𝜇m
𝜇m
𝜇m
𝜇m
𝜇m
𝜇m
𝜇m
𝜇m
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4.4.1 EBM Ti64 Surface Analysis
As a powder bed fusion additive manufacturing process, EBM is known to have a very
rough surface finish on as-built components. Unfortunately, this is an unavoidable consequence
of parts being locally melted within a volume of powder, as there must exist some gradient where
the finished product transitions from a fully melted solid structure, to loose or partially sintered
powder particles. The resulting surface retains a spherical powder morphology on the exterior,
progressing towards less spherical and partially melted globular particles, and eventually a solid
metal structure towards the interior of the build. However, along that gradient significant surface
porosity exists where voids or gas bubbles may have been trapped inside partially fused particles.
Additionally, the overall surface can have significant height variations, effectively introducing
surface mechanical notches. With an interest in cyclic loading applications for EBM Ti64, postprocessing mechanical surface treatments to improve the surface finish are critically important,
given that fatigue crack growth is largely a surface-driven phenomenon. For this reason, to
bypass the effects of as-built surface conditions on fatigue life of EBM Ti64, all test samples were
polished in the gage section to a mirror finish. Regardless, characterizing the as-built surface is
still both interesting and important to understand what post-processing treatments might best
resolve the issue.
First, the characteristics of the powder used as the feed material for the EBM process must
be understood. The powder particles are pre-alloyed, meaning that each particle already contains
the chemical composition of the aggregate, rather than simply mixing multiple powders of
specific elements in the proportions that will result in the desired chemical composition in the
resulting built product. Powder particle size is also controlled by feeding the powder through a
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sieve that rejects any particles that are greater than 120 microns in diameter. Figure 16 shows
optical microscope images of the pre-build feed powder on the left, with a variety of particle
diameter measurements shown for reference. On the right of Figure 16 is the as-built surface of a
fatigue test specimen (prior to any grinding and polishing procedures), where the spherical
powder morphology on the outer surface is apparent.
A laser confocal microscope was used to measure the surface roughness of the as-built
EBM specimens presented in Figure 17, measured to be 14.089 ± 4.5 𝑅𝑎 micron. A 3D scan of the
surface topography is also given, with height colored according to the rainbow scale provided. A
sectioning plane gives a cutaway view of the surface topography to reveal the roughness profile
which is recreated on the plot at the bottom of Figure 17. Typical height variations between the
peaks and valleys of the as-built surface measure approximately 100 𝜇m, and that does not yet
consider subsurface porosity from trapped voids. Polishing procedures required an average
surface depth removal of 225 𝜇m to obtain a mirror finish free of any surface porosity. Table 5
compares the measurements made herein with those from Nicoletto et al. [104] for EBM and Direct
Metal Laser Sintering (DMLS) various build orientations, where Types A, B, and C correspond to
build orientations of notched rectangular specimens. In Type A, the long axis of the specimen is
parallel to the build plate, and the open face of the semicircular notch is facing the build plate.
Type B also has the long axis of the specimen parallel to the build plate, but it is rotated 90 degrees
so that the open face of the semicircular notch is facing across the build plate. Type C orients the
specimen with the long axis normal to the build plate. Surface roughness measurements were
always taken in the longitudinal direction of the specimen along the face opposite the notch. As
such, the measurement in Type A measures the quality of the top printed layer, Type B measures
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along the layer planes, and Type C measures across build layers. As one might expect, the
roughest observed surface is measured in the Type C orientation, when measuring across build
layers, which is the same measurement type done in the current study.

Figure 16: (Left) Confocal microscope image at 10x magnification of loose Ti-6Al-4V powder
particles prior to use in the EBM process. Average particle diameter is 70 𝜇𝑚, with acceptable
particle sizes ranging from 20-120 𝜇𝑚. (Right) As-built EBM surface magnified five times, viewed
with a confocal microscope. Very rough surface with spherical powder particle morphology
creates severe surface porosity and an extremely deleterious surface condition for cyclic loading
applications.

Figure 17: Surface topography of as-built EBM Ti64 colored by height showing with a surface
roughness measuring 14.089 Ra micron on average using a laser confocal microscope.
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Table 5: Surface roughness values of as-built EBM samples from the current study and
comparative values in literature from EBM and DMLS additive manufacturing methods.
Roughness Measure
Ra (𝜇m)
Ra (𝜇m)
Ra (𝜇m)
Ra (𝜇m)
Ra (𝜇m)
Ra (𝜇m)
Ra (𝜇m)

Proc. Method
EBM
EBM
EBM
EBM
DMLS
DMLS
DMLS

Build Orientation
Vertical
Type A
Type B
Type C
Type A
Type B
Type C

Value
14.089±4.5
7.29±2.85
17.05 ±4.32
20.60±3.9
3.3±0
13.1±0.3
13.4±0.5

Source
Current Study
[104]
[104]
[104]
[104]
[104]
[104]
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V.

CYCLIC PERFORMANCE OF TI-6AL-4V

5.1 Cyclic Performance at Room Temperature
The results of the room temperature strain-controlled fatigue tests of both the extruded
and AM EBM Ti-6Al-4V samples are presented in Figure 18. The data collected in the current
study is distinguished by the non-filled markers, where the blue triangles are extruded Ti64 and
the red squares are EBM Ti64. Additional data from literature (denoted by filled markers) is
overlaid for comparison. Runout tests are marked with a horizontal arrow indicating that those
tests were stopped prior to failure, and assumed to be infinite life.
It is immediately apparent that the extruded Ti64 far outperforms the EBM Ti64, with a
fatigue life approximately an order of magnitude greater for a given strain amplitude. The
extruded Ti64 appears to approach infinite life at strain amplitudes of 0.5% and below, consistent
with the results of Carrion and Shamsaei [99] for an extruded Ti64 extra-low interstitial (ELI)
alloy. However, the Ti64 ELI alloy slightly outperforms the non-ELI extruded Ti64 alloy tested
herein. Note the significant difference in fatigue life for the 0.55% strain amplitude extruded Ti64
tests; fractography revealed a very large incubating particle near the surface of the test that only
lasted about 55k cycles, while the sample that lasted nearly 350k cycles exhibited very small and
distant subsurface particles at the incubation site, indicating the influence of particle size on
fatigue life.
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Figure 18: Strain-life data for extruded and AM EBM Ti-6Al-4V from the current study and similar
works in literature.
The EBM Ti64 displays a nearly linear trend (on semi-log axes) across the entire range of
strain amplitudes tested herein, from 1.0% to as low as 0.3%. From these test results, there does
not appear to be an endurance limit for the EBM Ti64, or perhaps it is below a 0.3% strain
amplitude. These results are consistent with those given by Torries [105] for a LENS
manufactured Ti64 material, especially in the LCF regime, though the LENS material seems to
exhibit improved fatigue life in the HCF regime compared to the EBM Ti64 studied herein. The
LENS 1 material is the baseline as-built material, which had a measured porosity of about 1.7%.
The LENS 2 material was made by altering the build parameters to induce greater porosity,
resulting in 6.9% porosity. As expected, the LENS 2 material suffered a shorter fatigue life due to
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the increased damage effects of greater porosity. And lastly, the heat-treated LENS 1 material was
annealed at 1,050 °C in an argon atmosphere for two hours to induce grain growth. This heat
treatment process improved fatigue life, particularly in the HCF regime.
The mid-life stable hysteresis loops from room temperature testing of the extruded and
EBM Ti64 are shown in Figure 19. The EBM Ti64 required slightly greater stresses than the
extruded Ti64 to achieve the same strain amplitude, and while the extruded Ti64 hysteresis loops
are almost entirely elastic at 0.7% strain amplitude and below, the EBM Ti64 still displays some
plasticity at 0.7% strain amplitude. Additionally, both materials exhibit an overshoot in cyclic
stress-strain behavior, in which the stresses are high near the proportional limit of the cyclic
curve, followed by an immediate reduction in peak stress despite a higher strain amplitude, and
then the peak stress increases some with cyclic strain hardening at increasing strain amplitudes.
This same phenomenon was shown in the work of Carrion and Shamsaei [99] for the ELI Ti64
alloy. The cyclic stress-strain curves with Ramberg-Osgood fits are shown in Figure 24 in the
elevated temperatures section 5.2.

Figure 19: Extruded (left) and EBM (right) Ti64 mid-life hysteresis loops at room temperature,
demonstrating significant plastic strain in both materials at 1.0% and 0.8% strain, but almost
entirely elastic deformation at 0.7% strain and below in the extruded Ti64 while there is still slight
plastic strain at 0.7% strain in the EBM Ti64.
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5.2 Strain-Life Modeling at Room Temperature
Traditional fatigue-life prediction methods are employed, where the straight-line elastic
behavior is generated using Basquin’s equation, and the straight-line plastic behavior employs
the Coffin-Manson relationship. These are represented by equations 5.1 and 5.2, where 𝜎𝑎 is the
stress amplitude,

Δ𝜀𝑝
2

is the plastic strain amplitude, 2𝑁𝑓 is the number of reversals to failure, 𝜎𝑓′

is the fatigue strength coefficient, 𝑏 is the fatigue strength exponent, 𝜀𝑓′ is the fatigue ductility
exponent, and 𝑐 is the fatigue ductility exponent. The values of the strain-life model parameters
were determined by regression analysis of the plastic strain and peak stress behaviors.
Basquin’s Equation:
Δ𝜎
𝑏
= 𝜎𝑎 = 𝜎𝑓′ (2𝑁𝑓 )
2

(5.1)

Δ𝜀𝑝
𝑐
= 𝜀𝑓′ (2𝑁𝑓 )
2

(5.2)

Coffin-Manson Equation:

Dividing Basquin’s equation by the elastic modulus provides the elastic strain, such that
the total strain may be additively decomposed into elastic and plastic components. The total
strain-life predictions for the extruded and EBM Ti64 materials are shown in Figure 20 by the blue
and red curves respectively. The values of the coefficients and exponents for the curves shown
are listed in Table 6.
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Figure 20: Extruded (left) and EBM (right) Ti64 at room temperature strain-life approximations
to the elastic, plastic, and total strain behaviors.

5.3 Cyclic Performance at Elevated Temperatures
The strain-life fatigue results of the elevated temperature (up to 550 °C) strain-controlled
fatigue tests of both the extruded and EBM Ti64 samples are presented in Figure 21. Extruded
data is distinguished from EBM data by hollow and filled markers respectively, and temperature
is represented by color where room temperature is blue, 150 °C is black, 300 °C is orange, and 550
°C is red. This format is applied to the remaining figures in this work. Consistent with the results
of the room temperature testing, the EBM Ti64 demonstrates a shorter fatigue life than extruded
Ti64 across the entire spectrum of strain amplitudes. The elevated temperature fatigue results are
presented in a similar fashion to the room temperature fatigue results. Mid-life stable hysteresis
loops are shown in Figure 23, cyclic stress strain curves with Ramberg-Osgood approximations
are shown in Figure 24, and the traditional strain-life fatigue curves for elevated temperature tests
are presented by Figure 25.
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Figure 21: High-temperature strain-life data for extruded (EX) and EBM Ti64 from the current
study.
Interestingly, increasing temperatures did not result in consistently decreasing fatigue life
performance as was hypothesized. In fact, in the HCF regime the longest fatigue lives were
observed at 300 °C for the extruded Ti64, and 150 °C for the EBM Ti64. Generally, however, the
fatigue life of each material remains remarkably close to the results at room temperature. Material
strength is known to weaken at increasing temperatures, evidenced by the high temperature
monotonic results of Figure 9. If strength reduction were the only phenomenon present, then
fatigue life would be expected to strictly decrease with increasing temperature when strain
amplitude is maintained. However, the elastic modulus also changes as a function of
temperature, allowing that strain to be reached at a lower stress than it otherwise would. Thus,
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there exist competing mechanisms of strength reduction and increased ductility that cause the
resulting fatigue life to be very similar even for increasing temperatures. Figure 22 overlays the
stable mid-life hysteresis loops at 0.8% strain amplitude for the extruded and EBM Ti64 at
increasing temperatures to visualize the changes in peak stress and plasticity with temperature.
Plastic strain increases steadily with increasing temperature in both materials, while peak tensile
stresses decrease with temperature. Interestingly, the extruded and EBM Ti64 have very similar
peak tensile stresses, but the maximum compressive stress is consistently greater in the EBM Ti64.
This behavior is believed to be a result of the increased severity and number of defects in the EBM
Ti64. The greater elastic modulus of EBM Ti64 requires greater stress in compression to achieve a
predetermined strain amplitude. In tension however, by mid-life it is expected that most lack-offusion defects sites have developed a local brittle fracture site, creating a stress concentration that
significantly increases the local plastic strain. Since this phenomenon is occurring at multiple
defect sites, the overall strain amplitude is achieved at a comparably lower stress.
Analysis of the stable mid-life hysteresis loops of Figure 23 reveals a few key points. First,
plastic strain is observed to increase with increasing temperatures. Second, there is a slight mean
stress development at higher temperatures, in which the EBM Ti64 is more susceptible than the
extruded Ti64, with the most severe cases being seen in the EBM Ti64 at 550 °C. Additionally, the
HCF tests observed to yield the greatest life correlate with those that exhibit near-zero mean
stress. This includes the 0.6% and 0.55% strain amplitude tests of extruded Ti64 at 300 °C, and the
0.6% to 0.3% strain amplitude tests of EBM Ti64 at 150 °C. Third, the cyclic yield stress overshoot
behavior observed at room temperatures remains present at increasing temperatures for both
extruded and EBM Ti64, though its severity decreases at higher temperatures. This behavior is
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better observed with reference to Figure 24 which plots the peak stresses from the mid-life
hysteresis loops against the Ramberg-Osgood cyclic stress-strain curves. In general, the extruded
Ti64 demonstrates a more severe overshoot behavior than the EBM Ti64, but in both materials the
effect softens at increasing temperatures. The inability of the Ramberg-Osgood model to capture
overshoot behavior is acknowledged as an uncertainty that could be improved with the use of a
higher-fidelity model. However, the Ramberg-Osgood model is maintained herein for simplicity.
Traditional strain-life fatigue methods are again employed for elevated temperatures as
was done for room temperature data. The Basquin and Coffin-Manson curves are plotted in
Figure 25, and the related model constants are given in Table 6. These curves suggest a transition
fatigue life of approximately 900 to 1200 cycles for extruded Ti64, and 400 to 900 cycles for EBM
Ti64. The values of the constants in the Basquin and Coffin-Manson curves were first determined
by traditional regression analysis, but required some minor adjustments to better fit the data.
An investigation of the temperature-dependencies of cyclic mechanical properties
𝑐𝑦𝑐𝑙𝑖𝑐

includes cyclic yield strength 𝜎𝑦

𝑐𝑦𝑐𝑙𝑖𝑐

, cyclic yield strain 𝜀𝑦

, cyclic strength coefficient 𝐾′, and

cyclic elastic modulus 𝐸′. Cyclic yield strength exhibits a predictably linear relationship with
temperature, though different than the monotonic yield strength temperature relationship due to
the cyclic softening nature of Ti64. The cyclic yield strain was measured as the intersection of a
0.2% offset elastic line with the Ramberg-Osgood stress-strain curve, and displays a more
complex relationship requiring a third-order polynomial to fit its curvature. The cyclic yield strain
gives insight to the competing mechanisms of linear strength reduction and parabolic increase in
ductility. In the extruded Ti64, the cyclic yield strain was found to be greatest at 300 °C following
a slight decrease at 150 °C, but then plummeting to its lowest point at 550 °C. In contrast, the EBM
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Ti64 displayed a nearly linear decrease in cyclic yield strength until it leveled off with a much
shallower slope between 300 and 550 °C.
From these behaviors, it was hypothesized that strain intensity, defined herein as the ratio
of applied strain amplitude over the cyclic yield strain, was the driving factor for fatigue life in
high-temperature strain-controlled testing. Such logic is supported by the fatigue data from
extruded Ti64, in which fatigue life was slightly decreased at 150 °C, greatest (at least in the HCF
regime) at 300 °C, and least at 550 °C. However, the EBM Ti64 does not support this hypothesis,
where it would be expected that the cyclic yield strain at 150 °C would be greatest since the fatigue
life is greatest at that temperature, but this is not the case. To test this hypothesis, the strain
amplitudes were normalized by the cyclic yield strain at that temperature calculated by a 0.2%
offset method to find the point of intersection with the Ramberg-Osgood approximation,
resulting in Figure 28. The normalized plot has more tightly grouped the fatigue life results of
each material along a single curve, supporting the hypothesis that under strain-controlled testing,
fatigue life is driven primarily by the proportion of the strain amplitude compared to the cyclic
yield strain. There does still exist some uncertainty however, which is largely attributed to
microstructural variation leading to differences in life, particularly for those tests which have
multiple data points at the same strain amplitude and temperature. Further, the 550 °C data for
the EBM Ti64 diverges from the primary grouping in the LCF regime.
The cyclic strength coefficient 𝐾 ′ follows a linear trend as expected, similar to the cyclic
yield strength. The temperature-dependence of the cyclic elastic modulus 𝐸′ (given by Figure 27)
was found to differ from the monotonic elastic modulus, most notably at the highest temperatures
of 300 and 550 °C. Thermal creep is expected to account for the difference between the quasi-static
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monotonic elastic modulus conducted at 0.001 𝑠 −1 strain amplitude, versus the cyclic elastic
modulus gathered from tests conducted at 1 Hz. Temperature dependence of the cyclic elastic
modulus is further specified as the high cycle fatigue (HCF) cyclic elastic modulus because 𝐸′ was
found to change with strain amplitude. Thus, the 𝐸′ from 0.3% 𝜀𝑎 tests were used for the EBM
Ti64, and the 𝐸 ′ from 0.55% 𝜀𝑎 tests were used for the extruded Ti64. 𝐸′ is observed to generally
decrease with increasing 𝜀𝑎 in an approximately linear correlation. Interestingly, while the yintercept of the trendline decreases with increasing temperature, the slope remains
approximately constant. The EBM Ti64 showed slopes of -1.4E+06 to -1.53E+06, so a value of 1.46E+06 was selected for the model. The extruded Ti64 showed slopes between -1.67E+06 and 1.80+06 (excluding the more drastic slope of the room temperature data), so a value of -1.74E+06
was selected for the model. The equations used to capture the temperature-dependence of cyclic
mechanical properties are listed below.
𝑐𝑦𝑐𝑙𝑖𝑐

𝑐𝑦𝑐𝑙𝑖𝑐
𝑐𝑦𝑐𝑙𝑖𝑐
(𝑇) = 𝜎𝑦1
𝑇 + 𝜎𝑦2

(5.3)

𝑐𝑦𝑐𝑙𝑖𝑐 3
𝑐𝑦𝑐𝑙𝑖𝑐
𝑐𝑦𝑐𝑙𝑖𝑐
𝑐𝑦𝑐𝑙𝑖𝑐
(𝑇) = 𝜀𝑦1
𝑇 + 𝜀𝑦2 𝑇 2 + 𝜀𝑦3 𝑇 + 𝜀𝑦4

(5.4)

𝜎𝑦
𝑐𝑦𝑐𝑙𝑖𝑐

𝜀𝑦

𝐾 ′ (𝑇) = 𝐾1′ 𝑇 + 𝐾2′

(5.5)

𝐸 ′(𝑇) = 𝐸1′ 𝑇 2 + 𝐸2′ 𝑇 + 𝐸3′

(5.6)

𝐸 ∗ = 𝐸 ′ (𝑇) + 𝐸1∗ 𝜀𝑎 + 𝐸2∗

(5.7)

Last, if the strain-controlled tests conducted herein were instead load-controlled, a trend
of strictly decreasing fatigue life with increasing temperature would be expected given the
strength reduction at increasing temperatures. The strain-controlled data was converted to a
stress-life plot shown in Figure 29, but it is apparent that the overshoot behavior in the cyclic
stress strain curve creates significant scatter in a stress-life plot by allowing the same peak stress
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to be achieved at multiple strain amplitudes. Thus, future work involving high-temperature loadcontrolled testing would help to inform the unique behaviors observed herein.

Figure 22: Comparison of stable hysteresis loops from 0.8% strain amplitude tests of extruded
Ti64 at elevated temperatures, showing the reduction in peak load with increasing temperature.

63

Figure 23: Extruded (left) and EBM (right) Ti64 mid-life hysteresis loops at 150 °C (top), 300 °C
(middle), and 550 °C (bottom). Increasing plasticity is evident at higher temperatures for the same
strain amplitudes.
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Figure 24: Cyclic stress strain curves generated from Ramberg-Osgood fits for extruded (top) and
EBM (bottom) Ti64 at increasing temperatures from 23 °C to 550 °C.
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Figure 25: Extruded (left) and EBM (right) Ti64 at 150 °C (top), 300 °C (middle), and 550 °C
(bottom) strain-life approximations to the elastic, plastic, and total strain behaviors. Coefficients
and calibrations constants for these curves can be found in Table 6.
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Figure 26: Temperature dependent relationships of cyclic mechanical properties including cyclic
𝑐𝑦𝑐
𝑐𝑦𝑐
yield strength 𝜎𝑦 (top), cyclic yield strain 𝜀𝑦 (middle), and the Ramberg-Osgood cyclic
strength coefficient 𝐾′ (bottom).
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Figure 27: (Top) Temperature dependence of the cyclic elastic modulus (𝐸′), further specified as
the high cycle fatigue (HCF) cyclic elastic modulus because 𝐸′ was found to change with strain
amplitude. Thus, the 𝐸′ from 0.3% 𝜀𝑎 tests were used for the EBM Ti64, and the 𝐸 ′ from 0.55% 𝜀𝑎
tests were used for the extruded Ti64. (Bottom) Strain amplitude dependence of the cyclic elastic
modulus. 𝐸′ is observed to generally decrease with increasing 𝜀𝑎 in an approximately linear
correlation.
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Figure 28: Strain life of Ti64 at elevated temperatures with strain amplitude normalized by the
cyclic yield strain (measured with the 0.2% offset method) for each given temperature.

Figure 29: Strain-controlled fatigue test data has been converted to stress-life data by plotting the
peak stresses from the stable mid-life hysteresis loops against the number of cycles to failure.
However, the resulting plot is widely scattered due to the existence of an initial overshoot in the
cyclic stress strain data whereby the same peak stresses are achieved at multiple strain
amplitudes. Since damage is driven primarily by plastic strain, the two lives are very different
despite experiencing the same peak stresses.
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Table 6: Cyclic mechanical properties of Ti-6Al-4V from the current study and literature. Data
from literature is shaded gray.
Proc.
EX
EX
EX
EX
EX
EBM
(Z)
EBM
(Z)
EBM
(Z)
EBM
(Z)
EBM
(Z)
EBM
(X)

𝒄𝒚𝒄

𝒄𝒚𝒄

𝒃

𝜺𝒇 ′

0.02
0.02
0.02
0.02
0.017
0.02

𝝈′𝒇
(MPa)
908
831.5
682
584.2
1317
3000

-0.029
-0.022
-0.016
-0.024
-0.060
-0.17

2.87
6.13
5.58
1.73
4.83
2.90

-0.88
-1.01
-0.942
-0.791
-0.898
-1.12

Current
Current
Current
Current
[99]
Current

800

0.02

2300

-0.143

50

-1.40

Current

0.7693

700

0.02

1825

-0.14

110

-1.5

Current

516.6

0.7430

590

0.02

2500

-0.19

13

-1.12

Current

114.6

-

-

1700

0.098

1722

-0.094

0.16

-0.645

[100]

108.8

-

-

1710

0.11

1935

-0.087

0.13

-0.546

[100]

𝑻
(°C)

𝑬′
(GPa)

23
150
300
550
23
23

𝜺𝒚

𝑲′
(MPa)

112.3
109.1
95.8
85.0
106
118

𝝈𝒚
(MPa)
680.0
653.5
587.3
468.0
763.8

0.8050
0.7991
0.8132
0.7505
0.8474

770
740
665
530
780
865

150

115

706.5

0.8143

300

108.6

618.2

550

96.0

23
23

𝒏′

𝒄

Ref.
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5.3 Fatigue Fractography
Fractographic analysis was conducted to visualize and quantify the most salient
microstructures that served as incubation sites or demonstrated influence in small crack growth.
While the gage length surfaces of all specimens were polished to a mirror finish, the extruded
Ti64 preferentially incubated cracks at or near the surface, typical of most fatigue failures.
However, the EBM material contains such heterogeneous microstructure and large internal
defects, that incubation sites were almost exclusively internal from lack-of-fusion (LOF) defects,
aside from the occasional pore or debonded particle that may have been exposed to the surface
from polishing procedures. Further still, the fracture surfaces of extruded Ti64 typically
demonstrated one or perhaps two incubation sites, while the EBM Ti64 often demonstrated
several incubation sites that each propagated fatigue cracks independently until they either
coalesced during cyclic loading or they simply appeared on the same fracture surface after the
specimen was pulled apart in final fracture following the test failure criterion of a 50% reduction
in load. These incubation and crack growth mechanisms are evident on the fracture surfaces
depicted in Figure 30 and Figure 31.
The extruded Ti64 consistently demonstrated similar fracture surfaces characteristically
determined by subsurface particle cluster defect incubation sites followed by flat Mode I crack
growth across a plane perpendicular to the loading axis, where fracture surface roughness
increased with increasing distance from the incubation site indicative of greater crack-tip driving
forces. Additionally, the final fracture surface always looked very similar to that seen from
monotonic testing, consisting of a rough dimpled texture caused by ductile void nucleation,
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growth, and coalescence. However, the EBM Ti64 exhibited some unique behaviors to be
explored. Note the difference in observable microstructures in the upper image of Figure 31.
The fatigue fracture surface of EBM Ti64 is dominated by crack growth outward from
multiple incubation sites consisting of lack of fusion defects surrounded by a brittle cleavage
boundary, and the occasional debonded particle pocket is also visible on the fatigue surface. In
contrast, the EBM Ti64 final fracture surface which was fractured by monotonic overloading after
the cyclic test was complete, is riddled with a much greater area density of debonded particle
pockets, and few to no lack of fusion clusters or brittle cleavage sites. This is very interesting,
given that the on the fracture surfaces from monotonic testing there were often observable lack
of fusion and brittle cleavage sites, surrounded by a characteristic peak or valley cone structure
indicative of plastic shear deformation. However, on a specimen that has been cyclically loaded,
the final fracture surface typically does not exhibit large cone structures. Of additional interest is
the fact that crack growth in EBM Ti64 is often not exclusive to a single plane of damage as the
extruded material is, but rather cracks incubate and grow on multiple planes throughout the gage
length. An example of this is shown in Figure 32, where incubation sites and subsequent small
crack growth are evident on three distinct planes at different elevations.
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Figure 30: Fractographic analysis of typical fatigue fracture surfaces from room temperature (23
°C) tests of extruded (left) and EBM (right) Ti64. Both fracture surfaces shown here are from
specimens tested at 0.8% strain amplitude at a frequency of 1 Hz. The typical fatigue incubating
microstructures are subsurface particle clusters and lack of fusion defects leading to brittle
cleavage sites for the extruded and EBM materials respectively.
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Figure 31: Typical EBM Ti64 fatigue fracture surface features. These images were taken from a
room temperature test at 0.6% strain amplitude and a frequency of 1 Hz. Depicted here are
multiple fatigue crack incubation sites which have coalesced together forming the fatigue surface
on the left side, and the right side is the final fracture surface from monotonic overload following
the fatigue test. Note however, that the final fracture surface also contains many debonded
particle pockets from incomplete particle fusion. Contained in image A is a typical EBM Ti64
incubation site, consisting of a lack of fusion (LOF) defect at its center, surrounded by a brittle
cleavage boundary which then grew a fatigue crack concentrically outward, evidenced by the
river marks surrounding the brittle cleavage boundary.
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Figure 32: EBM Ti64 demonstrated both crack coalescence (top) and independent crack growth
sites on distinct planes at different heights (bottom). These images were taken from the same
specimen at different locations on the fracture surface, where test conditions were room
temperature (23 °C), a strain amplitude of 0.7% and a frequency of 1 Hz.
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VI. REVIEW AND REVISION OF THE MULTISTAGE
FATIGUE MODEL
6.1 Nomenclature
The following list defines all parameters utilized in the multistage fatigue model, separated
into five categories. The first category, mechanical properties, contains parameters that are
empirically determined from monotonic tensile testing and fatigue testing. The second category,
loading conditions, contains parameters that define the environmental conditions of the test data.
The third category, microstructural measurements, lists the parameters used to represent
microstructures of a given material which can be physically measured from material samples or
through fractographic analysis. The fourth category, curve-fitting parameters, defines the model
parameters which are tuned by the modeler to adjust the model to match experimental data,
including microstructure sensitivity exponents. The fifth and final category defines the list of
parameters which are calculated as a result of other parameter values, neither requiring direct
measurements nor tuning for model adjustment. Calculated parameters are simply dependent on
the model inputs and curve-fitting values that exist due to the mathematical breakdown of
equations.
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Mechanical Properties
Symbol Definition
𝐸
Young’s modulus. Uniaxial monotonic elastic modulus of the material. 𝐸1 , 𝐸2 , and
𝐸3 are the coefficients of the second-degree polynomial describing the temperature
dependence of the monotonic elastic modulus.
𝐸′
Cyclic elastic modulus. calculated from stable mid-life hysteresis loops. 𝐸1 ′, 𝐸2 ′, and
𝐸3 ′ are the coefficients of the second-degree polynomial describing the temperature
dependence of the cyclic elastic modulus.
𝐸∗
Strain amplitude dependent cyclic elastic modulus and temperature. 𝐸1∗ and 𝐸2∗ are
the coefficients of the first-degree polynomial describing the strain amplitude
dependence of the cyclic elastic modulus.
𝑆𝑢
Ultimate tensile strength. Maximum tensile stress from monotonic stress-strain
curve. 𝑆𝑢1 and 𝑆𝑢2 are the coefficients of the first-degree polynomial describing the
temperature dependence of the monotonic ultimate tensile strength.
𝑐𝑦𝑐𝑙𝑖𝑐
Cyclic yield strength of the material, taken using 0.2% offset intersection with
𝜎𝑦
𝑐𝑦𝑐𝑙𝑖𝑐
𝑐𝑦𝑐𝑙𝑖𝑐
Ramberg-Osgood curve fit to cyclic data. 𝜎𝑦1
and 𝜎𝑦2
are the coefficients of
the first-degree polynomial describing the temperature dependence of the cyclic
yield strength.
𝑐𝑦𝑐𝑙𝑖𝑐
Cyclic yield strain of the material, taken using 0.2% offset intersection with
𝜀𝑦
𝑐𝑦𝑐𝑙𝑖𝑐
𝑐𝑦𝑐𝑙𝑖𝑐
𝑐𝑦𝑐𝑙𝑖𝑐
𝑐𝑦𝑐𝑙𝑖𝑐
Ramberg-Osgood curve fit to cyclic data. 𝜀𝑦1 , 𝜀𝑦2 , 𝜀𝑦3 , and 𝜀𝑦4
are the
coefficients of the third degree polynomial describing the temperature dependence
of the cyclic yield strain.
Loading Conditions
𝜀𝑎
Remote applied strain amplitude at the macro scale.
𝑅
Load ratio defined as the ratio of the minimum stress (𝜎𝑚𝑖𝑛 ) over the maximum
stress (𝜎𝑚𝑎𝑥 ), mostly commonly implemented as -1 for fully reversed loading.
𝑇
Temperature in °C.
Microstructural Measurements
𝐺𝑆
Average grain size or dendrite cell size, measured as a linear dimension in microns.
𝐺𝑆0
Reference grain size for the material chemistry and processing method being
studied.
𝑀𝑂
Grain misorientation angle, measured by calculating the Taylor factor.
𝑀𝑂0
Reference grain misorientation angle for the material chemistry and processing
method being studied.
𝐾𝑔
𝐻𝑉
Lowest hardness value in units ( 𝑓 ), applicable to friction stir-welded materials
𝑚𝑚2

𝐻𝑉0
𝑆𝐹
𝑑𝑚𝑎𝑥

in which hardness varies locally.
Reference hardness value in Vickers Hardness for the material chemistry and
processing method being studied.
Average Schmid Factor for the alloy, representing the effect of grain orientation.
Maximum inclusion size (pore or particle), measured as a linear dimension in
microns.
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𝑑𝑁𝑁𝐷

The average nearest-neighbor distance between inclusions, measured in microns.
This gives a representation of inclusion spacing or population density.
𝜙
Average porosity measured as a volume fraction. [1]
𝑎
Crack length.
𝑎𝑖
Initial crack length at the start of the small crack regime, taken to include the size of
the incubating inclusion, such that 𝑎𝑖 = 0.625𝐷.
Curve-Fitting Parameters
𝐾′
Cyclic strength coefficient in the Ramberg-Osgood model of cyclic stress-strain
behavior. 𝐾1′ and 𝐾2′ are the coefficients of the first-degree polynomial describing
the temperature dependence of the cyclic strength coefficient.
𝑛′
Cyclic strain hardening exponent from the Ramberg-Osgood model of cyclic stressstrain behavior.
𝛾𝑀𝑂
Grain misorientation sensitivity exponent. [27] A material dependent parameter in
the range of 0 ≤ 𝛾𝑀𝑂 ≤ 0.5 which can be determined from experiments and/or
numerical simulations. [2]
𝛾𝐻𝑉
Shape parameter for hardness effect (friction stir welding).
𝛾𝑆𝐹
Schmid Factor sensitivity exponent.
𝛾𝑜𝑥,𝐿𝐶𝐹
Low cycle fatigue oxidation effects sensitivity exponent.
𝛾𝑜𝑥,𝐻𝐶𝐹
High cycle fatigue oxidation effects sensitivity exponent.
𝜆
A weighting exponent to modify the value of 𝜓 that determines the sensitivity to
microstructure in the incubation and small crack regimes.
𝑙
𝜂lim
Percolation limit at which the plastic zone size defined by
transitions from
𝐷

𝜂𝑡

constrained to rapidly unconstrained plasticity. Assumed to be about 0.3. [2]
𝑙
𝑙
Transition point in the revised relationship at which the behavior transitions
𝐷

𝐷

from power-law growth with increasing strain, to a horizontal asymptotic approach
to
𝛼
𝐶𝑁𝐶
𝑀
𝜁
𝜉

𝑚𝑇
𝐶𝐼

𝐶𝐼𝐼

𝑙
𝐷

= 1 for mathematical convenience. Values are typically between 0.7 < 𝜂𝑡 < 1.

Ductility exponent of modified Coffin-Manson law for incubation life. [2] Values of
𝛼 are typically between −1 ≤ 𝛼 ≤ −0.45.
An incubation constant that drives the value of 𝐶𝑛 , typically between 0 < 𝐶𝑁𝐶 ≤ 1.
An incubation constant that drives the value of 𝐶𝑚 , typically between 0 < 𝑀 ≤ 1.
Exponent for the stress term in the relation of crack opening displacement crack size
for small crack growth. [2] Values have been seen in the range from 1 ≤ 𝜁 ≤ 8.
A geometric factor in micromechanics studies which has historically been between
1 < 𝜉 < 9. This value weights the influence of unconstrained plasticity effects (𝑧) on
the value of 𝑌̅ above the percolation limit.
The slope of the linear temperature effect 𝐶𝑇 , on the order of 10−4.
Material parameter related to the LCF regime used to tune the relative influence of
plasticity-driven crack growth in the MSC regime. Values of 𝐶𝐼 have typically been
given in the range of 104 < 𝐶𝐼 < 107.
Material parameter related to the HCF regime used to relate microstructure effects
to small crack growth. Values of 𝐶𝐼𝐼 are typically small in the range of 1−4 < 𝐶𝐼𝐼 <
1, though most commonly seen on the order of 0.05.
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𝑟

Shape constant describing the transition to limit plasticity in the plastic zone around
𝑙
an incipient crack. This parameter is used in the traditional definition of to
𝐷

describe the entire region of unconstrained microplasticity, but in the revised
definition is used only in the short region following the transition limit 𝜂𝑡 to control
𝑙
to a horizontal limit of unity.
𝐷

𝑞

𝑄
𝑦1

𝑦2

𝜃
𝜔
𝜒

𝐵

Sensitivity exponent on the applied strain above the threshold strain in the
formulation of incubation damage accumulation (𝛽). It is typically found in the
range 1.45 < 𝑞 < 4.5, but most often found to be a value near 2.4.
Coefficient in the calculation of threshold strain 𝜀𝑡ℎ to adjust the lower-bound
threshold at which microplasticity exists.
Constant in remote strain to local plastic shear strain. Constant in expression
relating the microstructure’s effect on translating the remote strain to the local
plastic shear strain. Found in literature with values between 25 < 𝑦1 < 600.
Linear constant in remote strain to local plastic shear strain. Linear parameter
relating the stress ratio effect combined with the microstructure to translate the
remote strain to the local plastic shear strain. Found in literature with values
between 0 < 𝑦2 < 1709.
A constant to model combined stress state effects in the range 0 ≤ 𝜃 ≤ 1.
Constant in porosity function, on the order of 2-10. [1]
A material constant related to crack propagation rate and crack tip irreversibility
within the microstructure, in the range between zero and unity, but typically found
between 0.3 ≤ 𝜒 ≤ 0.5 [7].
Shape-factor exponent in the revised form of the

𝑙
𝐷

ratio to fit the curve to

micromechanical simulation results in a power-law behavior.
𝑇𝑡ℎ
Threshold temperature in °C above which oxidation effects begin taking place.
Calculated Parameters and Constants in Equation Development
𝑁𝑡𝑜𝑡𝑎𝑙
Total number of cycles to failure, taken as the sum of the cycles spent in each of the
three fatigue regimes.
𝑁𝑖𝑛𝑐
Incubation regime life. (Number of cycles)
𝑁𝑆𝐶
Microstructurally small crack regime life. (Number of cycles)
𝑁𝐿𝐶
Long crack regime life. (Number of cycles)
𝑑𝑎
Small crack growth rate.
( )
𝑑𝑁 𝑆𝐶
𝑑𝑎
Long crack growth rate.
( )
𝑑𝑁 𝐿𝐶
𝛽
Damage parameter in incubation life. The physical representation of damage 𝛽 is
related to the local average maximum plastic shear strain amplitude next to an
𝑝∗

inclusion, named
𝑃∗
Δ𝛾𝑚𝑎𝑥

2

Δ𝛾𝑚𝑎𝑥
2

.

Notch root local average maximum cyclic plastic shear strain amplitude.

79
𝑙
𝐷
𝑧
𝜀𝑡ℎ
𝜀𝑝𝑒𝑟
𝐶𝑛

𝐶𝑚
𝐶𝑖𝑛𝑐
𝜓

𝑌̅

Δ𝐶𝑇𝐷
Δ𝐶𝑇𝐷𝑡ℎ

Δ𝐶𝑇𝐷𝑎
Δ𝐶𝑇𝐷𝑝𝑙𝑎𝑠
𝐶𝐺𝑆
𝐶𝑀𝑂
𝐶𝐻𝑉

𝐶𝑆𝐹
𝐶𝑜𝑥

𝑓(𝜙)

Incubation damage term quantifying the ratio of microplasticity zone size relative
to inclusion size, where 𝑙 is a length pertaining to the plastic zone size at the notch
root where strain meets or exceeds 0.01%, and 𝐷 is the diameter of the inclusion.
A scale factor between zero and unity, without physical meaning but related to the
plastic zone size.
Threshold strain at which microplasticity occurs. Below this value is an absence of
cyclic microplasticity at internal microstructures.
Percolation strain above which microplasticity becomes unconstrained, whereby
increased strain significantly increases the zone affected by plastic deformation.
The coefficient for nucleation and small crack growth at inclusions in the HCF
regime (constrained microplasticity); a constant typically between zero and unity,
but is dependent on load ratio 𝑅 which is based upon the principal stress.
The coefficient for nucleation and small crack growth at inclusions in the LCF
regime (constrained microplasticity); a constant typically between zero and unity.
Linear coefficient of modified Coffin-Manson law for incubation life.
A constant that represents the sensitivity of damage in the incubation and small
crack regimes to microstructure, comprised of microstructural measurements of
inclusion size, relative spacing, and grain size.
Mathematical function of load ratio 𝑅 and material constants 𝑦1 and 𝑦2 , and with
𝑙
the influence of the plastic zone size ratio 𝐷 above the percolation limit of
microplasticity.
Cyclic crack tip displacement.
Cyclic crack tip displacement threshold, taken on the order of the Burgers vector of
matrix material. This corresponds to nonzero cyclic microplasticity below the
percolation limit which is sufficient to nucleate cracks at inclusions, but insufficient
to propagate the small crack away from the influence of the notch root field. [1]
Part of the cyclic crack tip displacement equation representing the effect of crack
growth due to the size of the crack as it increases.
Part of the cyclic crack tip displacement equation representing gross plastic strain
driven growth.
A multiplicative constant in the small crack regime to contribute the effects of grain
size.
A multiplicative constant in the small crack regime to contribute the effects of grain
misorientation, measured by the Taylor Factor.
A multiplicative constant in the small crack regime to contribute the effects of
material hardness (Vickers Hardness), for materials in which the hardness varies
greatly over the volume such as friction stir-welded joints.
A multiplicative constant in the small crack regime to contribute the effects of grain
orientation, measured by the Schmid Factor.
A multiplicative constant to contribute the effects of oxidation. It is weighted by
unique exponents for the LCF and HCF regimes, applicable to both the incubation
and small crack growth stages.
Function of porosity.
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𝜙𝑡ℎ
𝑈
𝑎𝑖
𝑎𝑓
𝛽𝑚𝑎𝑐𝑟𝑜
𝐴
Δ𝐾𝑒𝑓𝑓
Δ𝐾𝑒𝑓𝑓,𝑡ℎ
𝑚

Porosity threshold measured as a volume fraction, assumed to be 0.0001.
A function of load ratio 𝑅 to include mean stress effects on propagation influenced
strongly by particle interactions ahead of and in the wake of the crack.
Initial crack length at the start of the small crack regime, taken to be 0.625𝐷, where
𝐷 is the diameter of the incubating inclusion.
Final crack length at the end of the small crack regime, at the transition to the long
crack regime.
Macroscopic plastic strain damage parameter, calculated as 1.5 times the plastic
strain from the plastic term of the Ramberg-Osgood relationship.
𝑑𝑎
Coefficient in 𝑑𝑁 equation for long crack LEFM growth. [1]
Effective stress intensity factor range.
Effective stress intensity factor range threshold.
Exponent on effective stress intensity factor range in

𝑑𝑎
𝑑𝑁

equation for long crack

𝐾𝑚𝑎𝑥
𝐾𝑚𝑖𝑛
𝐾𝑜𝑝
𝜎𝑜𝑝
𝜎
̅̅̅
𝑎
Δ𝜎̂
Δ𝜎1
Δ𝜎𝑖𝑗′

LEFM growth. [1]
Maximum stress intensity factor.
Minimum stress intensity factor.
Opening stress intensity factor, given as a function of load ratio 𝑅.
Opening stress. [1]
Von Mises uniaxial effective stress amplitude.
The range of uniaxial equivalent stress
The range of the maximum principal stress
The amplitude of the stress tensor.

2
Δ𝜎𝑒𝑓𝑓

Effective stress range given by 𝜎𝑚𝑎𝑥 − 𝜎𝑜𝑝 . [1]
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6.2 MSF Model Equations
Note that equation numbering matches the numbering given in section 6.3 regarding the
complete mathematical explanation. Also, equation numbers marked with an asterisk indicate
that the stated equation is no longer relevant to the revised model, but is listed for reference.

6.2.1 Incubation
(6.1)

𝑁𝑡𝑜𝑡𝑎𝑙 = 𝑁𝑖𝑛𝑐 + 𝑁𝑀𝑆𝐶/𝑃𝑆𝐶 + 𝑁𝐿𝐶
𝑝∗

Δ𝛾𝑚𝑎𝑥
2

𝛼
𝐶𝑖𝑛𝑐 𝑁𝑖𝑛𝑐
=𝛽=

(6.2)

1

𝑁𝑖𝑛𝑐

𝐶𝑖𝑛𝑐 = 𝐶𝑛 +

𝛽 𝛼
=(
)
𝐶𝑖𝑛𝑐

(6.2𝑎)

𝑙
(1 + 𝑧)(𝐶𝑚 − 𝐶𝑛 )
𝐷

(6.3)
(6.3𝑎∗ )

𝐶𝑖𝑛𝑐 = 𝐶𝑛 + 𝑧(𝐶𝑚 − 𝐶𝑛 )
−𝛾

𝐶𝑛 = 𝐶𝑁𝐶(1 − 〈𝑅〉)𝐶𝑜𝑥 𝑜𝑥,𝐻𝐶𝐹

(6.4)
(6.4𝑎∗ )

𝐶𝑛 = 𝐶𝑁𝐶(1 − 〈𝑅〉)
−𝛾

𝐶𝑚 = 𝑀𝐶𝑜𝑥 𝑜𝑥,𝐿𝐶𝐹
𝑅=

(6.5)

𝜎𝑚𝑖𝑛
𝜎𝑚𝑎𝑥

𝐶𝑜𝑥 = (1 +

(6.6)

〈𝑇 − 𝑇𝑡ℎ 〉
)
𝑇𝑡ℎ

(6.7)

𝑙
⟨ − 𝜂𝑙𝑖𝑚 ⟩
𝐷
𝑧=
(1 − 𝜂𝑙𝑖𝑚 )
𝜂𝑡 [
𝑙
=
𝐷

〈𝜀𝑎 − 𝜀𝑡ℎ 〉
𝑐𝑦𝑐𝑙𝑖𝑐
𝜂𝑡 𝜀𝑦

− 𝜀𝑡ℎ

(6.8)

𝐵

] ,

𝑓𝑜𝑟

𝑙
< 𝜂𝑡
𝐷
(6.9)

1
𝑐𝑦𝑐𝑙𝑖𝑐 𝑟

𝜂𝑡 𝜀𝑦
1 − (1 − 𝜂𝑡 ) (
𝜀𝑎
{

) ,

𝑓𝑜𝑟

𝑙
≥ 𝜂𝑡
𝐷
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𝑙
=
𝐷

𝜂𝑙𝑖𝑚

〈𝜀𝑎 − 𝜀𝑡ℎ 〉
,
𝜀𝑝𝑒𝑟 − 𝜀𝑡ℎ

𝑙
≤ 𝜂𝑙𝑖𝑚
𝐷

𝑓𝑜𝑟
1

𝜀𝑝𝑒𝑟 𝑟
1 − (1 − 𝜂𝑙𝑖𝑚 ) (
) ,
𝜀𝑎
{

𝑙
𝑓𝑜𝑟 ≥ 𝜂lim
𝐷

(6.9𝑎∗ )

𝑐𝑦𝑐𝑙𝑖𝑐

𝜀𝑡ℎ

𝜎𝑦,𝑇23
𝑄(𝑆𝑢 )
= ∗
( 𝑐𝑦𝑐𝑙𝑖𝑐 )
𝐸 (1 − 𝑅) 𝜎𝑦
𝜀𝑡ℎ =

0.29𝑆𝑢
𝐸(1 − 𝑅)

(10)

(6.10𝑎∗ )

𝑐𝑦𝑐𝑙𝑖𝑐

0.7𝜎𝑦
=
𝐸

(6.11∗ )

𝑆𝑢 (𝑇) = 𝑆𝑢1 𝑇 + 𝑆𝑢2

(6.12)

𝐸 ∗ (𝜀𝑎 ) = 𝐸 ′ (𝑇) + 𝐸1∗ 𝜀𝑎 + 𝐸2∗

(6.13)

𝐸 ′ (𝑇) = 𝐸1′ 𝑇 2 + 𝐸2′ 𝑇 + 𝐸3′

(6.14)

𝜀𝑝𝑒𝑟

𝑐𝑦𝑐𝑙𝑖𝑐

𝑐𝑦𝑐𝑙𝑖𝑐

𝜀𝑦

𝑐𝑦𝑐

𝑐𝑦𝑐

(𝑇) = 𝜎𝑦1 𝑇 + 𝜎𝑦2

(6.15)

𝑐𝑦𝑐𝑙𝑖𝑐 3
𝑐𝑦𝑐𝑙𝑖𝑐
𝑐𝑦𝑐𝑙𝑖𝑐
𝑐𝑦𝑐𝑙𝑖𝑐
(𝑇) = 𝜀𝑦1
𝑇 + 𝜀𝑦2 𝑇 2 + 𝜀𝑦3 𝑇 + 𝜀𝑦4

(6.16)

𝜎𝑦

𝛽 = 𝜓𝑌̅𝐶𝑇 [𝜀𝑎 − 𝜀𝑡ℎ ]𝑞
2
𝑑𝑚𝑎𝑥
𝜓=[
]
𝑑𝑁𝑁𝐷 (𝐺𝑆)

(6.17)

𝜆

(6.18)

𝑌̅ = [𝑦1 + (1 + 𝑅)𝑦2 ](1 + 𝜉𝑧)

(6.19)

𝐶𝑇 = (1 + 𝑚 𝑇 𝑇)

(6.20)

6.2.2 Microstructurally Small Crack
𝑑𝑎
)
= 𝜒(Δ𝐶𝑇𝐷 − Δ𝐶𝑇𝐷𝑡ℎ )
𝑑𝑁 𝑀𝑆𝐶

(6.21)

Δ𝐶𝑇𝐷 = 𝐶𝐼𝐼 Δ𝐶𝑇𝐷𝑎 𝑎𝑖 + 𝐶𝐼 Δ𝐶𝑇𝐷𝑝𝑙𝑎𝑠

(6.22)

(
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Δ𝐶𝑇𝐷𝑎 =

𝑈Δ𝜎̂
−𝛾
𝐶𝐻𝑉 𝐶𝑆𝐹 𝐶𝐺𝑀𝑂 𝐶𝐺𝑆 𝐶𝑇 𝐶𝑜𝑥 𝑜𝑥,𝐻𝐶𝐹 𝜓𝑓(𝜙) (
)
𝑆𝑢

(6.24)

𝑆𝐹 𝛾𝑆𝐹
)
0.5

(6.25)

𝑀𝑂 𝛾𝑀𝑂
)
𝑀𝑂0

(6.26)

𝐶𝑆𝐹 = (

𝐶𝐺𝑆

𝐺𝑆 𝛾𝐺𝑆
=(
)
𝐺𝑆0

(6.27)

𝑓(𝜙) = 1 + 𝜔 {1 − exp (−

𝑈={
0,

(6.23)

𝐻𝑉 𝛾𝐻𝑉
)
𝐻𝑉0

𝐶𝐻𝑉 = (

𝐶𝑀𝑂 = (

𝜁

𝜙
)}
2𝜙𝑡ℎ

(6.28)

1
,
for 𝑅 < 0
1−𝑅
1,
for 𝑅 ≥ 0
for compressive peak principal stress

(6.29)

Δ𝜎̂ = 2𝜃𝜎̅𝑎 + (1 − 𝜃)Δ𝜎1

(6.30)

Δ𝜎𝑖𝑗′
3 Δ𝜎𝑖𝑗′
𝜎̅𝑎 = √ (
)(
)
2 2
2

(6.31)

−𝛾

2
Δ𝐶𝑇𝐷𝑝𝑙𝑎𝑠 = 𝐶𝐻𝑉 𝐶𝑆𝐹 𝐶𝐺𝑀𝑂 𝐶𝐺𝑆 𝐶𝑇 𝐶𝑜𝑥 𝑜𝑥,𝐿𝐶𝐹 𝜓𝛽𝑚𝑎𝑐𝑟𝑜

(6.32)

1

𝛽𝑚𝑎𝑐𝑟𝑜

𝑃
Δ𝛾𝑚𝑎𝑥
3 Δ𝜀 𝑃 3 Δ𝜎 𝑛′
=
|
=
= ( ′)
2 𝑚𝑎𝑐𝑟𝑜 2 2
2 𝐾

𝐾 ′ (𝑇) = 𝐾1′ 𝑇 + 𝐾2′
𝑁𝑆𝐶 = ln (

(6.33)
(6.34)

𝐶𝐼𝐼 𝛥𝐶𝑇𝐷𝑎 𝑎𝑓 + 𝐶𝐼 𝛥𝐶𝑇𝐷𝑝𝑙𝑎𝑠 − 𝛥𝐶𝑇𝐷𝑡ℎ
1
)
)(
𝐶𝐼𝐼 𝛥𝐶𝑇𝐷𝑎 (𝑎𝑖 + 𝑑𝑚𝑎𝑥 ) + 𝐶𝐼 𝛥𝐶𝑇𝐷𝑝𝑙𝑎𝑠 − 𝛥𝐶𝑇𝐷𝑡ℎ 𝜒𝐶𝐼𝐼 Δ𝐶𝑇𝐷𝑎

(6.35)

6.2.3 Long Crack
𝑑𝑎

(𝑑𝑁)

𝐿𝐶

𝑚

𝑚

= 𝐴[(𝛥𝐾𝑒𝑓𝑓 ) − (𝛥𝐾𝑒𝑓𝑓,𝑡ℎ ) ]

𝐾𝑚𝑎𝑥 − 𝐾𝑜𝑝 ,
Δ𝐾𝑒𝑓𝑓 = {
𝐾𝑚𝑎𝑥 − 𝐾𝑚𝑖𝑛 ,

if 𝐾𝑚𝑖𝑛 < 𝐾𝑜𝑝
if 𝐾𝑚𝑖𝑛 ≥ 𝐾𝑜𝑝

(6.36)
(6.37)
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(6.38)

Δ𝐾 = 𝑌Δ𝜎√𝜋𝑎
𝑎
𝑎
𝑎 2
𝑎 3
𝑌 = 𝑓 ( ) = 0.67 − 1.24 ( ) + 28.0 ( ) − 162.4 ( ) + ⋯
𝑑
𝑑
𝑑
𝑑
𝑎 4
𝑎 5
𝑎 6
⋯ 472.2 ( ) − 629.6 ( ) + 326.1 ( )
𝑑
𝑑
𝑑
𝑁𝐿𝐶 =

2
𝑚

𝐴(𝑌Δ𝜎√𝜋) (2 − 𝑚)

1−

(𝑎𝑐

𝑚
2

1−

− 𝑎0

𝑚
2

)

(6.39)

(6.40)

6.3 Complete Description of the MultiStage Fatigue Model
6.3.1 Incubation
The total number of cycles in overall fatigue life is determined by the summation of the
lives of three distinct fatigue regimes; incubation 𝑁𝑖𝑛𝑐 , microstructurally/physically small crack
growth 𝑁𝑀𝑆𝐶 , and long crack growth 𝑁𝐿𝐶 .
𝑁𝑡𝑜𝑡𝑎𝑙 = 𝑁𝑖𝑛𝑐 + 𝑁𝑀𝑆𝐶 + 𝑁𝐿𝐶

(6.1)

The incubation regime comprises damage accumulation within the influence of a
micronotch root field, as well as crack nucleation and growth until the crack extends beyond the
influence of the incubating source’s plasticity field and begins to develop according to small crack
propagation mechanisms. Hence, crack incubation life as defined here is neither the conventional
“nucleation life” in the sense of fundamental studies of persistent slip band (PSB)/matrix
decohesion of Venkataraman et al. [106] nor the “initiation life” as employed extensively in stresslife or strain-life correlations of fatigue experiments conducted on smooth specimens. In other
words, once a crack is nucleated, it must then propagate away from the inclusion through an
enclave involving a significant gradient of cyclic stress and plastic strain, typically losing driving
force for fatigue crack growth as it grows, until the crack effectively leaves behind the influence
of the notch and behaves as a crack with a physical length that includes half the inclusion
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diameter [107,108]. It is after this point that some type of elastic-plastic fracture mechanics (EPFM)
crack growth law can be applied; the incubation period must first give birth to a propagating
MSC/PSC. This incubation concept was originally proposed in the work of McDowell et al. [1] for
a cast A356 Aluminum alloy, and is presented mathematically by Eq. 6.2, which is a revised
version of its original form. Algebraically solving for the incubation life results in Eq. 6.2a.
𝑝∗

𝛼
𝐶𝑖𝑛𝑐 𝑁𝑖𝑛𝑐

Δ𝛾𝑚𝑎𝑥
=𝛽=
2

(6.2)

1

𝑁𝑖𝑛𝑐

𝛽 𝛼
=(
)
𝐶𝑖𝑛𝑐

(6.2𝑎)

The parameter 𝛽 represents the damage around an inclusion determined by subscale
simulations from the work of Gall et al. [97]. The physical representation of 𝛽 is related to the local
𝑝∗

average maximum plastic shear strain amplitude next to an inclusion, named

Δ𝛾𝑚𝑎𝑥
2

. The more

complete definition of 𝛽 is defined later. Damage over the full range from LCF through HCF is
modeled by a modified Coffin-Manson law, where 𝐶𝑖𝑛𝑐 and 𝛼 are the linear and exponential
coefficients respectively that are chosen based on the estimated number of cycles for incubation
life. Values of 𝛼 are typically between −1 ≤ 𝛼 ≤ −0.45. This way when solving for the total
number of cycles spent in the incubation regime (𝑁𝑖𝑛𝑐 ), an increase in the damage term 𝛽 shortens
the incubation life. Conversely, an increase in the value of 𝐶𝑖𝑛𝑐 increases incubation life, but the
value of 𝐶𝑖𝑛𝑐 is influenced across the spectrum of high or low-cycle fatigue, further defined by Eq.
6.3. Note that this equation is slightly modified from its original formulation stated by Eq. 6.3a to
𝑙

include the influence of the 𝐷 ratio, which will be explained later.
𝐶𝑖𝑛𝑐 = 𝐶𝑛 +

𝑙
(1 + 𝑧)(𝐶𝑚 − 𝐶𝑛 )
𝐷

(6.3)
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(6.3𝑎∗ )

𝐶𝑖𝑛𝑐 = 𝐶𝑛 + 𝑧(𝐶𝑚 − 𝐶𝑛 )

The terms 𝐶𝑚 and 𝐶𝑛 are calculated constants that respectively dominate the LCF and HCF
regimes. 𝐶𝑚 is a LCF matrix fatigue ductility coefficient that is calibrated when fitting the model
to experimental data, typically such that 0 < 𝐶𝑚 < 1. McDowell et al. [1] originally stated this
value as 0.003 for a cast A356 aluminum alloy, and it is commonly in the range of 0 < 𝐶𝑚 < 0.4
for other aluminum alloys [2–5,27]. However, this value tends to be greater for magnesium alloys
[11,12] such that 0.85 < 𝐶𝑚 < 0.95, though Bernard et al. [14] chose a value of 0.16 for an AZ61
Mg alloy. 𝐶𝑛 is the coefficient for nucleation and small crack growth at inclusions in the HCF
regime (constrained microplasticity); a calibration constant typically between zero and unity, but
is dependent on load ratio 𝑅 (defined by Eq. 6) which is based upon the principal stress. The
overall magnitudes of 𝐶𝑚 and 𝐶𝑛 are not as important as their relative difference. Examining Eq.
2a shows that the incubation life is chiefly dependent on the ratio of

𝛽
,
𝐶𝑖𝑛𝑐

since 𝛼 is a constant.

Calibration parameters exist within the definition of 𝛽 to scale its overall magnitude, and
consequently the value of 𝐶𝑖𝑛𝑐 is scaled by the magnitude of parameters 𝐶𝑛 and 𝐶𝑚 to achieve the
ratio of

𝛽
𝐶𝑖𝑛𝑐

that delivers the correct incubation life. Thus, while the values of 𝐶𝑛 and 𝐶𝑚 are

typically between zero and unity, the upper bound of one is flexible to accommodate for the scale
of 𝛽. Rather, the difference between 𝐶𝑛 and 𝐶𝑚 is what drives the change in 𝐶𝑖𝑛𝑐 from the HCF to
𝑙

the LCF regimes. The parameters 𝐷 and 𝑧 both range from zero to unity where a value of zero is
given for very high cycle fatigue, and value of one for very high cycle fatigue. In this way, for
very high cycle fatigue, 𝐶𝑖𝑛𝑐 is equivalent simply to 𝐶𝑛 , and for very low cycle fatigue 𝐶𝑖𝑛𝑐 is

87
equivalent to 2𝐶𝑚 , where

𝑙
𝐷

and 𝑧 govern the transition from one constant to the other. The

physical significance of these transition factors is explained later.
The definitions of 𝐶𝑛 and 𝐶𝑚 are given by equations 6.4 and 6.5 respectively, which are
modified from the original form stated by equation 6.4a, and previously 𝐶𝑚 was simply a modelfitting constant. Both terms are now modified by a high-temperature oxidation effects constant
𝐶𝑜𝑥 defined by Eq. 6.7, which is controlled by separate sensitivity exponents 𝛾𝑜𝑥,𝐿𝐶𝐹 and 𝛾𝑜𝑥,𝐻𝐶𝐹
for the LCF and HCF regimes respectively. This oxidation effects term arose from the elevated
temperatures investigation of this work, since titanium alloys are known to experience oxidation
embrittlement at temperatures above 400 °C [109]. The Macaulay bracket notation containing
〈𝑇 − 𝑇𝑡ℎ 〉 indicate the ramp function, that when the quantity inside the angle brackets is less than
zero, the quantity is simply set to zero. By setting the threshold temperature 𝑇𝑡ℎ to 400 °C, this
eliminates any oxidation effects from influencing the model until the threshold temperature is
reached. Note also that the sensitivity exponents on the oxidation effects term are negative, such
that for increasing temperatures the value of 𝐶𝑖𝑛𝑐 will decrease, thereby reducing the incubation
life in the HCF regime. Further, two distinct sensitivity exponents are given to account for the
transient nature of oxidation embrittlement. For the same testing frequency, it follows that
oxidation embrittlement effects will be greater in the HCF regime since it takes more time to
accumulate a longer life, so 𝛾𝑜𝑥,𝐻𝐶𝐹 > 𝛾𝑜𝑥,𝐿𝐶𝐹 .
−𝛾

𝐶𝑛 = 𝐶𝑁𝐶(1 − 〈𝑅〉)𝐶𝑜𝑥 𝑜𝑥,𝐻𝐶𝐹
𝐶𝑛 = 𝐶𝑁𝐶(1 − 〈𝑅〉)
−𝛾

𝐶𝑚 = 𝑀𝐶𝑜𝑥 𝑜𝑥,𝐿𝐶𝐹
𝑅=

𝜎𝑚𝑖𝑛
𝜎𝑚𝑎𝑥

(6.4)
(6.4𝑎∗ )
(6.5)
(6.6)
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𝐶𝑜𝑥 = (1 +

〈𝑇 − 𝑇𝑡ℎ 〉
)
𝑇𝑡ℎ

(6.7)

The angle brackets around 𝑅 in Eq. 6.4a indicate the Macaulay notation as described
previously, indicating that for load ratios less than zero, the quantity is set to zero. In this way, a
positive mean stress dependence is embedded in 𝐶𝑛 , reflecting an effective decrease in matrix
fatigue ductility at higher positive load ratios due to plastic strain localization associated with
significant local monotonic plastic shear strain computed on the first half cycle.
Now we may introduce the transitional parameters

𝑙
𝐷

and 𝑧, which are truly at the core of

the incubation phase. 𝑙 is a length pertaining to the size of the plastic zone at the notch root,
defined as the length over which the local plastic shear strain concentration is “substantial,”
stated as where strain meets or exceeds 0.01%. This definition was arbitrary but consistently
applied in order to gather discrete measurements of plasticity area from micromechanical finite
element simulations [2,7,97]. 𝐷 is the linear dimension of a typical inclusion, such as the diameter
𝑙

𝐴

for a round pore or inclusion. Therefore, the ratio 𝐷 is also defined as √ 𝐴𝑝𝑙𝑎𝑠 , the square root of
𝑖𝑛𝑐

the ratio of the plastic zone area over the inclusion area, or simply the ratio of their diameters for
circular or spherical geometries. The

𝑙
𝐷

ratio is not physically measurable through experiments,

but has been approximated through finite element analysis of subscale micromechanical
𝑙

simulations [2,7,97] to determine the relationship of 𝐷 with applied macroscopic strain. The values
of 𝑙 are restricted to lie in the range 0 ≤ 𝑙 ≤ 𝐷, in which the case of 𝑙 → 𝐷 is regarded as the
limiting case of unconstrained plasticity. As the plastic zone size approaches the size of the
inclusion, it is associated with macroscopic yielding and ultimately extensive plasticity,
correlating well to the elastic limit of a material’s tensile stress-strain curve. At this level of
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plasticity, microstructures have little influence on overall material behaviors since they are
overpowered by the effects of macroscopic yielding through the entire volume.
Prior to this point however, there is a regime of constrained microplasticity which exists
below the macroscopic yield point and leads to the incubation and growth of small fatigue cracks.
In this regime the local plasticity at an inclusion (cracked/debonded particle or gas pore) is
confined to the vicinity of the inclusion, not interacting strongly with neighboring inclusions even
when inclusion spacing is on the order of inclusion diameter [97]. The upper limit of the range of
constrained microplasticity is called 𝜂lim , known as the percolation limit. 𝜂𝑙𝑖𝑚 corresponds to the
transition point from constrained to unconstrained microplasticity, after which the plastic zone
size grows rapidly with small increases in remote strain. Consequently, it is also used as the point
of demarcation between LCF and HCF. In the work by McDowell et al. for the cast A356-T6
𝑙
𝐷

aluminum alloy [1], a value of 0.3 was found to define the percolation limit 𝜂𝑙𝑖𝑚 , approximately
corresponding to the macroscopic cyclic yield strength of A356-T6. The 𝑧 parameter defined by
Eq. 6.8 is designed to contribute the effects of the sharp transition from constrained to
unconstrained microplasticity at the percolation limit.
𝑙
⟨ − 𝜂𝑙𝑖𝑚 ⟩
𝐷
𝑧=
(1 − 𝜂𝑙𝑖𝑚 )

(6.8)

𝑙
𝐷

When is less than 𝜂𝑙𝑖𝑚 , 𝑧 is zero, but past the percolation limit 𝑧 grows quickly according
𝑙
𝐷

to the plastic zone size growth of . Such a sharp transition ultimately results in a “knee” in the
MSF model curve, where there is a distinct change in slope on a strain-life plot. This “knee”
behavior is unique to the MSF model, and has been shown to be physically relevant by matching
experimental data which follows the same pattern. However, while the 𝑧 parameter is not itself
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physically based, it derives its shape from the behavior of how the plastic zone size changes with
𝑙

applied strain – in other words the 𝐷 relationship. It is now apparent that much of the incubation
behavior hinges on the

𝑙
𝐷

relationship, and it is therefore critical that the shape of the

𝑙
𝐷

curve

accurately represents physical phenomena.
𝑙

The original definition of the 𝐷 relationship (Eq. 6.9a) has served its purpose well, but it is
𝑙

believed that with the alterations proposed herein (Eq. 6.9), the 𝐷 relationship is enhanced to be
more physically based and better matches simulation results. The original relationship between
𝑙
𝐷

and remote (macroscopic) applied strain amplitude 𝜀𝑎 was governed by threshold strain 𝜀𝑡ℎ ,

percolation strain 𝜀𝑝𝑒𝑟 , and the percolation limit 𝜂𝑙𝑖𝑚 . It is evident from Eq. 6.9a that the plastic
𝑙
𝐷

zone described by the relationship is piecewise. There exists no microplasticity until the applied
strain exceeds the threshold strain, at which point it linearly increases until the percolation strain
is reached, corresponding to the percolation limit 𝜂𝑙𝑖𝑚 usually defined as 0.3. The threshold strain
and percolation strain were defined by Xue [2] as functions of mechanical properties according
to equations 6.10a and 6.11 respectively. Beyond the percolation limit there is a rapid increase in
microplasticity which approaches a horizontal asymptote at unity, assumed to be the limiting
case of microplasticity beyond which there exists significant macroscopic yielding. This is
intended to capture the effect of rapid transition from constrained to unconstrained
microplasticity as described previously. The shape of the rapid plasticity growth zone is governed
by the exponent 𝑟, whose value is determined by fitting a power law trendline to the data
obtained from micromechanical simulations that lies above the percolation limit. An example of
this is given by McCullough et al. [7].
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𝑙
=
𝐷

𝜂𝑙𝑖𝑚

〈𝜀𝑎 − 𝜀𝑡ℎ 〉
,
𝜀𝑝𝑒𝑟 − 𝜀𝑡ℎ

𝑓𝑜𝑟

1
𝜀𝑝𝑒𝑟 𝑟

1 − (1 − 𝜂𝑙𝑖𝑚 ) (
) ,
𝜀𝑎
{
𝜀𝑡ℎ =

𝑙
≤ 𝜂𝑙𝑖𝑚
𝐷
𝑓𝑜𝑟

0.29𝑆𝑢
𝐸(1 − 𝑅)

𝑙
≥ 𝜂lim
𝐷

(6.9𝑎∗ )

(6.10𝑎∗ )

𝑐𝑦𝑐𝑙𝑖𝑐

𝜀𝑝𝑒𝑟 =

0.7𝜎𝑦

𝐸

(6.11∗ )

The plastic zone size growth behavior described is visualized in Figure 33, where the
original relationship (dashed lines) is superimposed with now the revised relationship (solid
lines). The x-axis is normalized by the conventional 0.2% offset cyclic yield strain to present the
simulation results of both Xue and McCullough. Table 7 also lists the values of the parameters
used to create the figure.

Figure 33: Data from micromechanical simulations conducted by Xue et al. [2] for a 7075-T6
aluminum alloy and McCullough et al. [7] for an AA6061 aluminum alloy superimposed on a
comparison between the original relationship for
revised model proposed herein.

𝑙
𝐷

proposed by McDowell et al. [1] and the
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Table 7: Mechanical properties and model parameters used in plastic zone growth models
comparison.
Parameter
𝑆𝑢
𝑐𝑦𝑐𝑙𝑖𝑐

𝜎𝑦

𝐸
𝑐𝑦𝑐𝑙𝑖𝑐
𝜀𝑦

𝜀𝑡ℎ
𝜀𝑝𝑒𝑟
𝜂𝑙𝑖𝑚
𝑟
𝜂𝑡
𝐵
𝑄

Units
MPa
MPa

Traditional
Xue
McCullough
557
292.5
530
256

Revised
Xue
McCullough
557
292.5
530
256

GPa
%

70.33
0.90

67.5
0.56

70.33
0.90

67.5
0.56

%
%
-

0.115
0.527
0.27
0.1
0.29

0.063
0.265
0.3
0.35
0.29

0.099
0.05
0.9
2.5
0.25

0.043
0.1
0.75
2.1
0.2

While the original formulation demonstrates a reasonable approximation to the
simulation results up to the percolation limit, the zone of unconstrained plasticity does not agree
as well, where the simulation results suggest a behavior different than what was originally
proposed by McDowell et al. [1]. Further, looking back to Eq. 6.8, the

𝑙
𝐷

relationship is only

contained within 𝑧, which influences the value of the Coffin-Manson coefficient 𝐶𝑖𝑛𝑐 according to
Eq. 6.3a. However, since Eq. 6.3a only contains the influence of 𝑧 which is zero below the
percolation limit, the effects of constrained microplasticity are never communicated back
𝑙

upstream to affect incubation life, despite there being an appreciable plastic zone size as 𝐷 → 𝜂𝑙𝑖𝑚 .
In light of this analysis, the revised formulation given by Eq. 6.9 converts the previously
linear segment of the piecewise function into a power relationship with exponent 𝐵 that better
fits the micromechanical simulation results of Xue and McCullough, and includes the effects of
𝑙

constrained microplasticity on incubation life by including the 𝐷 term in Eq. 6.3. The percolation
𝑐𝑦𝑐𝑙𝑖𝑐

strain is traded for the more physically based cyclic yield strain 𝜀𝑦

, and the percolation limit
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is replaced by a transition limit 𝜂𝑡 . One might intuit that as remote strain is increased, the plastic
zone size will continue to increase at an increasing rate until the entire volume begins to behave
plastically. While the micromechanical simulation data suggests a power-law relationship with a
vertical asymptote at or near the cyclic yield strain, to replicate this behavior exactly presents
𝑙

mathematical challenges in the model. For example, if the 𝐷 relationship is allowed to trend to a
vertical asymptote at the cyclic yield strain, its value approaches infinity and would de-stabilize
the model at that point, not allowing fatigue life predictions at strain amplitudes greater than the
cyclic yield strain. Since many materials are known to have at least some small fatigue life above
𝑙
𝐷

the cyclic yield strain, something must be done to control the runaway increase in . Thus, while
the final portion of the curve does not appear to match the simulation data, it controls the upper
limit of

𝑙
𝐷

to unity, allowing it to be used directly as a multiplier in the model. Further, at high

strain amplitudes well into the LCF regime, incubation life is typically short as cracks may be
incubated in only a few cycles, and fatigue life is dominated by small crack growth. Therefore,
the transition limit dictates the point at which the curve switches from power-law growth to the
final segment approaching a horizontal asymptote of one. Also, by multiplying the cyclic yield
strain by the transition limit, it ensures the power-law growth may still follow the general
behavior of a vertical asymptote at the cyclic yield strain.

𝜂𝑡 [
𝑙
=
𝐷

〈𝜀𝑎 − 𝜀𝑡ℎ 〉
𝑐𝑦𝑐𝑙𝑖𝑐
𝜂𝑡 𝜀𝑦

− 𝜀𝑡ℎ

𝐵

] ,

1
𝑐𝑦𝑐𝑙𝑖𝑐 𝑟
𝜂𝑡 𝜀𝑦

1 − (1 − 𝜂𝑡 ) (
{

𝜀𝑎

) ,

𝑓𝑜𝑟

𝑙
< 𝜂𝑡
𝐷
(6.9)

𝑓𝑜𝑟

𝑙
≥ 𝜂𝑡
𝐷
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𝑐𝑦𝑐𝑙𝑖𝑐

𝜀𝑡ℎ

𝑄(𝑆𝑢 ) 𝜎𝑦,𝑇23
=
(
)
𝐸(1 − 𝑅) 𝜎𝑦𝑐𝑦𝑐𝑙𝑖𝑐

𝑆𝑢 (𝑇) = 𝑆𝑢1 𝑇 + 𝑆𝑢2

(6.12)

𝐸 ∗ (𝜀𝑎 ) = 𝐸 ′ (𝑇) + 𝐸1∗ 𝜀𝑎 + 𝐸2∗

(6.13)

𝐸 ′ (𝑇) = 𝐸1′ 𝑇 2 + 𝐸2′ 𝑇 + 𝐸3′

(6.14)

𝑐𝑦𝑐𝑙𝑖𝑐

𝑐𝑦𝑐𝑙𝑖𝑐

𝑐𝑦𝑐

𝑐𝑦𝑐

(𝑇) = 𝜎𝑦1 𝑇 + 𝜎𝑦2

(6.15)

𝑐𝑦𝑐𝑙𝑖𝑐 3
𝑐𝑦𝑐𝑙𝑖𝑐
𝑐𝑦𝑐𝑙𝑖𝑐
𝑐𝑦𝑐𝑙𝑖𝑐
(𝑇) = 𝜀𝑦1
𝑇 + 𝜀𝑦2 𝑇 2 + 𝜀𝑦3 𝑇 + 𝜀𝑦4

(6.16)

𝜎𝑦
𝜀𝑦

(6.10)

Xue’s original formulation for 𝜀𝑡ℎ stated a value of 0.29 in place of 𝑄, but the coefficient of
0.29 was found not to be generally applicable to all materials and instead has been replaced by
the calibration constant 𝑄. Additionally, a new multiplicative term has been included which is a
ratio of the room temperature cyclic yield strength over the cyclic yield strength at the
temperature in question. This term helps to balance against the effects of cyclic softening or
hardening on the calculated threshold strain. Also, equations 6.12 through 6.16 list the
temperature dependent relationships for the mechanical properties studied in Chapter V. Note
that despite these changes, the original definition of 𝑧 is maintained to impose the effects of a
rapid transition from constrained to unconstrained microplasticity.
With plastic zone growth now fully defined, we may return to formalize the definition of
𝛽. Since the goal is to solve for the number of cycles spent in incubation from Eq. 6.2a, 𝛽 must
first be known. It is defined in Eq. 6.17 as a multiplicative decomposition of material and
microstructural properties, and testing conditions. This expression of 𝛽 looks different from the
original form given by McDowell, since it has been altered by various authors who enhanced or
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expanded the model. The given form follows the one given by McCullough et al. [7], with the
addition of a temperature effects term 𝐶𝑇 based on the work conducted herein.
𝛽 = 𝜓𝑌̅𝐶𝑇 [𝜀𝑎 − 𝜀𝑡ℎ ]𝑞
2
𝑑𝑚𝑎𝑥
𝜓=[
]
𝑑𝑁𝑁𝐷 (𝐺𝑆)

(6.17)

𝜆

(6.18)

𝑌̅ = [𝑦1 + (1 + 𝑅)𝑦2 ](1 + 𝜉𝑧)

(6.19)

𝐶𝑇 = (1 + 𝑚 𝑇 𝑇)

(6.20)

The first term 𝜓, expressed by Eq. 6.18, represents the sensitivity of damage in the
incubation regime to microstructure. This idea was first introduced by Jordon et al. [3], but
McCullough et al. [7,110] later added the weighting exponent 𝜆 which gives control to the level of
microstructural sensitivity allowing it to be scaled relative to the effects of applied strain and 𝑌̅,
and formalized this effect into the term 𝜓. Within the braces, 𝑑𝑚𝑎𝑥 represents the maximum pore
or particle size, as both microstructures have been found to have similarly deleterious effects in
cyclic loading. 𝑑𝑁𝑁𝐷 is the average nearest-neighbor distance between pores and particles. 𝐺𝑆
represents the average grain size. All three of these linear dimensions utilize the same units
(typically 𝜇m) which results in a nondimensionalized ratio controlled by the sensitivity exponent
𝜆. This way, if the size of incubating microstructures are known and correlated to experimental
data, this exponent can be tuned so that when a different maximum inclusion size is entered, the
final MSF curve lands on the data point corresponding to that size.
The second term 𝑌̅, expressed by Eq. 6.19, captures load ratio effects. The constant 𝑦1 is
typically determined based on the relative magnitude of the 𝜓 term and the magnitude of the
values 𝐶𝑛 and 𝐶𝑚 . As such, the value of 𝑦1 has been found to vary over a large range, where so
far in literature 25 < 𝑦1 < 600, with the exception of Jordon et al. [3] who used a value of 3500
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for a cast A356 aluminum alloy. The constant 𝑦2 modifies the influence of load ratio effects, such
that for the baseline case of fully reversed loading (𝑅 = −1) the load ratio term is eliminated. The
constant 𝑦2 has seen values from 0 < 𝑦2 < 1709 in literature, in which the upper-bound values
have been seen in the recent works of McCullough et al. [7,110]. When

𝑙
𝐷

begins to behave in

unconstrained plasticity beyond the percolation limit where 𝑧 is non-zero, 𝑌̅ is modified to
include the geometric effect (1 + 𝜉𝑧), where 𝜉 is a geometric factor in the micromechanics study
which has historically been between 1 < 𝜉 < 9.
The third term, [𝜀𝑎 − 𝜀𝑡ℎ ]𝑞 , contributes the now familiar idea of applied nonlocal strain
above the threshold strain. This quantity is then raised to an exponent 𝑞 which serves as a
weighting factor in the range 1.45 < 𝑞 < 4.5, but most often found to be a value near 2.4.
With all incubation terms now defined, Eq. 6.2a can be used to calculate the number of
cycles spent in the incubation regime. However, given that there are a number of calibration
constants inherent to this calculation that must be selected by the modeler, it is difficult to state
the precise transition from the incubation regime to the microstructurally small crack regime with
a high degree of confidence. To help alleviate some uncertainty, an experimental approach
consisting of a replica method using notched specimens can be done to measure the number of
cycles to develop a small crack. An example of this is given by Jordon et al. [111] for a 7075-T651
aluminum alloy. Alternatively, in-situ cyclic loading in an SEM chamber can be conducted to
count the number of cycles until a crack appears on the notch surface.
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6.3.2 Microstructurally Small Crack
Once the incubation stage is complete, meaning there has been sufficient damage
accumulated local to the micronotch to develop a crack beyond the influence of the micronotch
into the matrix material, the small crack stage is begun. The rate of crack growth in MSF is
governed by the cyclic crack tip displacement (Δ𝐶𝑇𝐷), which can be applied to both the
microstructurally small and physically small crack regimes. Eq. 6.21 states the governing equation
of crack growth as a function of Δ𝐶𝑇𝐷,
(

𝑑𝑎
)
= 𝜒(Δ𝐶𝑇𝐷 − Δ𝐶𝑇𝐷𝑡ℎ )
𝑑𝑁 𝑀𝑆𝐶

(6.21)

where 𝜒 is a constant related to crack propagation rate within the microstructure, in the range
between zero and unity, but typically found between 0.3 ≤ 𝜒 ≤ 0.5 [7]. For aluminum alloys it is
taken to be 0.32 [1,2,112], for magnesium alloys it is similarly found to be 0.3 for AZ61 [9], and
0.32 for AZ31 [12], and 0.3 for AISI 4140 steel [15]. The threshold value of cyclic crack tip
displacement, Δ𝐶𝑇𝐷𝑡ℎ , is taken on the order of the Burger’s vector of the material matrix. For
magnesium this is 3.2 × 10−4 𝜇𝑚 [9], and about 2.85 × 10−4 𝜇𝑚 for pure FCC aluminum [1,112].
This threshold value is just slightly above the minimum cyclic crack growth rate, providing a
non-propagating crack limit which is generally applicable at higher stress levels than the intrinsic
threshold limit for cyclic microplasticity associated with incubation.
The Δ𝐶𝑇𝐷 term has been expressed many different ways as research has expanded with
efforts to more accurately capture individual contributions of microstructural parameters such as
porosity, pore or inclusion density, grain size, dendrite cell size, grain orientation, and others.
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Here it is formalized to contain those recent advancements, and to establish a nomenclature
consistent and agreeable with the incubation regime.
(6.22)

Δ𝐶𝑇𝐷 = 𝐶𝐼𝐼 Δ𝐶𝑇𝐷𝑎 𝑎𝑖 + 𝐶𝐼 Δ𝐶𝑇𝐷𝑝𝑙𝑎𝑠

Beginning with Eq. 6.22, Δ𝐶𝑇𝐷 is additively decomposed into two terms. The first term
represents the effect of crack growth due to the size of the crack as it increases (where 𝑎𝑖 is the
initial crack length at the start of the MSC regime, taken to be 𝑎𝑖 = 0.625𝐷, where 𝐷 is the diameter
of the incubating pore or particle measured from fractography). This term applies to the HCF
regime, in which 𝐶𝐼𝐼 is a coefficient which applies to cracks ranging from a few microns to the
millimeter range, as long as the crack tip cyclic plastic zone is substantially less than the grain
size. Values of 𝐶𝐼𝐼 are typically small in the range of 1−4 < 𝐶𝐼𝐼 < 1, though most commonly seen
on the order of 0.05. In contrast, the second term is added to describe elastic-plastic crack
propagation, representing gross plastic strain driven growth consistent with LCF. The leading
coefficient on the second term 𝐶𝐼 is used to tune the relative influence of plasticity-driven crack
growth in the MSC regime. Values of 𝐶𝐼 have typically been given in the range of 104 < 𝐶𝐼 < 107 .
Each of these terms will now be explored in-depth.
−𝛾

Δ𝐶𝑇𝐷𝑎 = 𝐶𝐻𝑉 𝐶𝑆𝐹 𝐶𝐺𝑀𝑂 𝐶𝐺𝑆 𝐶𝑇 𝐶𝑜𝑥 𝑜𝑥,𝐻𝐶𝐹 𝜓𝑓(𝜙) (

𝑈Δ𝜎̂ 𝜁
)
𝑆𝑢

(6.23)

The HCF term represented by Eq. 6.23 consists first of a leading string of microstructural
sensitivity constants including the 𝜓 parameter from the incubation regime, as well as 𝐶𝑇 and 𝐶𝑜𝑥
which were already defined. The remaining constants are defined according to the following
equations.
𝐶𝐻𝑉 = (

𝐻𝑉 𝛾𝐻𝑉
)
𝐻𝑉0

(6.24)
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𝑆𝐹 𝛾𝑆𝐹
)
0.5

(6.25)

𝑀𝑂 𝛾𝑀𝑂
)
𝑀𝑂0

(6.26)

𝐺𝑆 𝛾𝐺𝑆
)
𝐺𝑆0

(6.27)

𝐶𝑆𝐹 = (
𝐶𝑀𝑂 = (

𝐶𝐺𝑆 = (

First note that most of these microstructural sensitivity constants follow the same format,
done intentionally to establish simple and easily reducible non-dimensionalized multiplicative
constants. The numerator contains a measured value of a particular microstructure for the
material being studied. The denominator contains a reference value measurement typical of the
material being studied, and the exponent 𝛾 with related subscript is a sensitivity parameter that
is adjusted to weight the relative effect of a given microstructure. The benefit of this structure is
that if a particular microstructural measurement is unable to be obtained, one can assume the
reference value, which drives the ratio to unity. Alternatively, if the fatigue behavior of a given
material is known to be insensitive to a particular microstructure, or by the nature of its
processing method such microstructures are inapplicable, the related constant can be effectively
eliminated by assuming a sensitivity exponent value of zero, and the rest of the expression
remains unaffected. On the other hand, if through experimental observation a particular
microstructure is known to have significant effects on the crack growth in the MSC regime, the
related exponent can be assigned greater value, and the microstructural measurement may be
manipulated to visualize upper and lower-bound model curves when fit to experimental data.
The specific microstructural measurements included in the MSC regime are Vickers
hardness 𝐻𝑉, Schmid factor 𝑆𝐹, grain misorientation 𝑀𝑂, and grain size 𝐺𝑆. The expression of
hardness stated by Eq. 6.24 is a modification of that originally presented in the work of Cisko et
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al. [113] for a friction stir-welded aluminum lithium alloy. However, for other processing methods
such as extrusion which may not experience significant changes in hardness through the bulk
material, this would be an example of a term that could be eliminated by setting 𝛾𝐻𝑉 = 0.
The expression for grain misorientation (Eq. 6.26) was first introduced by Xue et al. [2] for
a rolled 7075-T651 Al alloy, in which the rolling texture influenced small crack growth. To capture
this effect, a Taylor factor was introduced whereby 𝑀𝑂0 is the Taylor factor calculated from the
typical rolling texture and the imposed plane strain loading at plastic strain direction of
1
(e
√2 1

+ e2 ). 𝑀𝑂 then is a measurement of the Taylor factor calculated from the orientation of the

grain at the crack tip and the imposed strain amplitude along the same direction as 𝑀𝑂0 . In this
same work, Xue et al. proposed to differentiate between the sensitivity exponents for the LCF and
HCF regimes, in which the LCF regime exponents are denoted by a prime. This way
microstructures can be weighted differently according to their influence in conditions of high or
low plastic strain. However, later studies determined that the differences in microstructural
influence in LCF versus HCF are negligible, and thus the same sensitivity exponents are used for
both regimes.
Following the string of microstructural constants is a function of microporosity 𝑓(𝜙),
expressed by Eq. 6.28.
𝑓(𝜙) = 1 + 𝜔 {1 − exp (−

𝜙
)}
2𝜙𝑡ℎ

(6.28)

This equation originates from the inaugural work of McDowell et al. [1] for a cast Al alloy,
posited that matrix fatigue ductility degrades significantly when porosity levels exceed ≈ 0.1%
within some critically stressed volume. To capture this physical effect, the matrix fatigue ductility
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in the HCF regime is assigned to be dependent on the average porosity 𝜙, measured as a volume
fraction. The threshold porosity 𝜙𝑡ℎ is assigned the value of 10−4 (0.1%). The constant 𝜔 is on the
order of 2 ≤ 𝜔 ≤ 10, based on the factor of 2-3 reduction in fatigue life observed for higher
microporosity relative to low microporosity specimens. However, for cast specimens with very
low microporosity, or processing methods that do not result in microporosity, this term can be
assumed 𝑓(𝜙) ≈ 1, eliminating its influence on small crack growth rate.
̂ 𝜁
𝑈Δ𝜎
) ,
𝑆𝑢

The last term of Eq. 6.23 is a stress term (

which also remains in its original form

from McDowell et al. [1]. This final stress term is based on the correlations of Shiozawa et al. [114]
for cracks in the MSC regime under HCF loading conditions. The parameters used in this term
are defined as follows:

𝑈={
0,

1
,
for 𝑅 < 0
1−𝑅
1,
for 𝑅 ≥ 0
for compressive peak principle stress

(6.29)

Δ𝜎̂ = 2𝜃𝜎̅𝑎 + (1 − 𝜃)Δ𝜎1

(6.30)

Δ𝜎𝑖𝑗′
3 Δ𝜎𝑖𝑗′
𝜎̅𝑎 = √ (
)(
)
2 2
2

(6.31)

The factor 𝑈 addresses mean stress effects on propagation, influenced strongly by
intergranular particle interactions ahead of and in the wake of the crack. This piecewise
relationship for 𝑈 is consistent with the finite element calculations of Couper et al. [115]. The range
of uniaxial equivalent stress is given by Δ𝜎̂, which is comprised of a linear combination of the von
Mises uniaxial effective stress amplitude 𝜎̅𝑎 , and the range of the maximum principal stress Δ𝜎1 .
Note that Δ𝜎𝑖𝑗′ is the range of the stress tensor. 𝜃 is a constant term introduced by Hayhurst et al.
[60] to model combined stress state effects, in the range 0 ≤ 𝜃 ≤ 1, where for uniaxial loading 𝜃
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is set to zero, so the effective stress range is equivalent to the principal stress range. 𝑆𝑢 remains
the monotonic ultimate strength, expressed in MPa, and the exponent 𝜁 is a curve-fitting
parameter found in the range 0.95 ≤ 𝜁 ≤ 8 in published literature.
The second term of Eq. 6.22, Δ𝐶𝑇𝐷𝑝𝑙𝑎𝑠 , describes gross plastic strain driven growth, and is
further defined by Eq. 6.32. This term is structured very similarly to Δ𝐶𝑇𝐷𝑎 first containing a
string of microstructural constants, but then contains a term for the macroscopic maximum plastic
shear strain amplitude 𝛽𝑚𝑎𝑐𝑟𝑜 , defined by Eq. 6.33 which is applicable for the uniaxial loading
case.
−𝛾

2
Δ𝐶𝑇𝐷𝑝𝑙𝑎𝑠 = 𝐶𝐻𝑉 𝐶𝑆𝐹 𝐶𝐺𝑀𝑂 𝐶𝐺𝑆 𝐶𝑇 𝐶𝑜𝑥 𝑜𝑥,𝐿𝐶𝐹 𝜓𝛽𝑚𝑎𝑐𝑟𝑜

(6.32)

1

𝛽𝑚𝑎𝑐𝑟𝑜

𝑃
Δ𝛾𝑚𝑎𝑥
3 Δ𝜀 𝑃 3 Δ𝜎 𝑛′
=
|
=
= ( ′)
2 𝑚𝑎𝑐𝑟𝑜 2 2
2 𝐾

𝐾 ′ (𝑇) = 𝐾1′ 𝑇 + 𝐾2′

(6.33)
(6.34)

Plastic strain range is denoted by Δ𝜀 𝑃 , and 𝐾′ and 𝑛′ are the cyclic strength coefficient and
cyclic strain hardening exponent respectively from a Ramberg-Osgood approximation to the
cyclic stress strain curve, in which the cyclic strength coefficient is linearly dependent on
temperature according to Eq. 6.34. With all terms now defined, the number of cycles spent in the
small crack regime can be determined by integrating Eq. 6.16, which results in the following:
𝑁𝑆𝐶 = ln (

𝐶𝐼𝐼 𝛥𝐶𝑇𝐷𝑎 𝑎𝑓 + 𝐶𝐼 𝛥𝐶𝑇𝐷𝑝𝑙𝑎𝑠 − 𝛥𝐶𝑇𝐷𝑡ℎ
1
)
)(
𝐶𝐼𝐼 𝛥𝐶𝑇𝐷𝑎 (𝑎𝑖 + 𝑑𝑚𝑎𝑥 ) + 𝐶𝐼 𝛥𝐶𝑇𝐷𝑝𝑙𝑎𝑠 − 𝛥𝐶𝑇𝐷𝑡ℎ 𝜒𝐶𝐼𝐼 Δ𝐶𝑇𝐷𝑎

(6.35)

6.3.3 Long Crack
Once the crack has grown to a sufficient length in the small crack regime, linear elastic
fracture mechanics (LEFM) assumptions may apply, resulting in the familiar Paris equation for
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crack growth in the long crack regime. The transition point between the small crack and long
crack regimes is governed by selecting the maximum of either of the two crack growth rates. In
other words, the mathematical model calculates both MSC and LC formulations simultaneously,
but cycles are counted towards the small crack regime until the crack growth rate of the LC
formulation surpasses that of MSC. In the LC regime, the crack tip driving force is so large that
microstructures have negligible influence on crack growth. As a result, the equations in this final
regime are independent of microstructure, and instead are dependent simply on specimen
geometry and crack length.
𝑑𝑎

(𝑑𝑁)

𝐿𝐶

𝑚

𝑚

= 𝐴[(𝛥𝐾𝑒𝑓𝑓 ) − (𝛥𝐾𝑒𝑓𝑓,𝑡ℎ ) ]

𝐾𝑚𝑎𝑥 − 𝐾𝑜𝑝 ,
Δ𝐾𝑒𝑓𝑓 = {
𝐾𝑚𝑎𝑥 − 𝐾𝑚𝑖𝑛 ,

if 𝐾𝑚𝑖𝑛 < 𝐾𝑜𝑝
if 𝐾𝑚𝑖𝑛 ≥ 𝐾𝑜𝑝

Δ𝐾 = 𝑌Δ𝜎√𝜋𝑎

(6.36)
(6.37)
(6.38)

𝐴 and 𝑚 are the crack growth constant and exponent respectively in the Paris Law. Δ𝐾 is
the stress intensity factor range, calculated according to Eq. 6.37, where Δ𝜎 is the stress range. The
opening stress intensity factor range 𝐾𝑜𝑝 can be calculated using finite element analysis based on
opening stresses at the crack tip. 𝑌 is a geometric shape function to account for the shape of the
specimen being used, defined by Eq. 6.38, whereby Xue et al. [112] state the geometric function
for cylindrical specimens with semicircular surface cracks.
𝑎
𝑎
𝑎 2
𝑎 3
𝑌 = 𝑓 ( ) = 0.67 − 1.24 ( ) + 28.0 ( ) − 162.4 ( ) + ⋯
𝑑
𝑑
𝑑
𝑑
𝑎 4
𝑎 5
𝑎 6
⋯ 472.2 ( ) − 629.6 ( ) + 326.1 ( )
𝑑
𝑑
𝑑

(6.39)
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In this equation 𝑎 is the radius of a semicircular crack, and 𝑑 is the gauge diameter of a
cylindrical specimen. Finally, solving for the number of cycles spent in long crack growth from
an initial length 𝑎0 to a final crack length 𝑎𝑐 provides us with Eq. 6.39.
𝑁𝐿𝐶 =

2
𝑚

𝐴(𝑌Δ𝜎√𝜋) (2 − 𝑚)

𝑚
1−
(𝑎𝑐 2

1−

− 𝑎0

𝑚
2

)

(6.40)
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VII. MICROSTRUCTURE-SENSITIVE FATIGUE MODELING
OF THE TI-6AL-4V ALLOY AND INTEGRATION OF
TEMPERATURE DEPENDENCE
7.1 Room Temperature MSF Model Correlation of Extruded and EBM Ti64
The revised multistage fatigue model is implemented to fit a fatigue life prediction to the
experimental data conducted herein and presented in Chapter V. Beginning with the roomtemperature data, first the measurable microstructural parameters and mechanical properties are
entered, which are listed in Table 8. Note that the grain size chosen is the transverse grain size, to
represent the effective grain size experienced by the crack tip as it grows across the transverse
plane.
Table 8: Microstructure model parameters for the MultiStage Fatigue (MSF) model for Ti-6Al-4V.
Symbol
𝐺𝑆0
𝐺𝑆
𝑀𝑂0
𝑀𝑂
𝑆𝐹
𝑑𝑚𝑎𝑥
𝑑𝑁𝑁𝐷
𝜙
𝜙𝑡ℎ
𝐻𝑉0
𝐻𝑉

Units
𝜇𝑚
𝜇𝑚
𝜇𝑚
𝜇𝑚
𝜇𝑚
𝜇𝑚
𝑘𝑔𝑓
𝑚𝑚2
𝑘𝑔𝑓
𝑚𝑚2

EX
3.5
3.5
45
45
0.4
35
29
0.0015
0.001
1

EBM
79
79
45
45
0.4
85.5
115
0.01
0.001
1

Description
Reference grain size
Grain size
Reference grain orientation
Grain orientation
Schmid factor
Maximum inclusion size
Pore/particle nearest neighbor distance
Porosity
Porosity threshold
Reference hardness value

1

1

Measured hardness value

Next the shape-fitting parameters are manipulated to achieve the desired shape of the
final curve, while examining the individual behaviors of the incubation and small crack regimes.
The result of this fitting process for the room temperature data of both extruded and EBM Ti64
are presented in Figure 34, and the corresponding parameters listed in Table 9.
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Figure 34: Extruded (top) and EBM (bottom) MSF model curves at 23 °C overlaid with room
temperature fatigue data showing the life spent in the incubation and small crack regimes, as
well as the total life. Notice how fatigue life is dominated by incubation in HCF, and small crack
growth in LCF.
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Note that in the HCF regime the fatigue life is dominated by the incubation life, where
small crack life only accounts for the last few thousand cycles. However, in the LCF regime the
opposite is true, where a crack is incubated much sooner, and the majority fatigue life is spent in
the small crack stage.
Within the curve-fitting process, microstructural sensitivity exponents are adjusted to
determine their relative influence on fatigue life when changes are made to microstructural
parameters such as maximum particle size, nearest neighbor distance, grain size, etc. The
microstructure effects parameter 𝜓 was given the greatest relative influence on fatigue life
because fractographic analysis indicated that large particles and particle clusters were the most
common incubation sites in Ti64. Thus, the sensitivity exponent 𝜆 was tuned to represent upper
and lower bounds based on the expected range of particle sizes.
These microstructure sensitivity bounds are shown in Figure 35 for both extruded and
EBM Ti64, and demonstrate a viable means to predict fatigue life when given a range of maximum
defect sizes for a given processing method. Also note that the sensitivity exponents for grain size,
hardness, grain misorientation, and Schmid factor are all set to zero. This study did not explicitly
consider the effect of grain size variation within a given processing method by annealing
additional specimens, and grain size is assumed to be constant across the temperature range
tested. Hardness is also assumed to be consistent, so its effects are negated. Grain misorientation
measurements require electron backscatter diffraction measurements which this study did not
have access to, and similarly for the Schmid factor. Additional work can isolate and determine
the relative influence of these microstructural effects, but fractography indicated particle size and
spacing as the most deleterious microstructures.
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Figure 35: An example of microstructure dependence on fatigue life in extruded Ti64 by varying
the maximum particle size from 20 to 50 𝜇m providing upper and lower bounds for experimental
data (top), and similarly in EBM Ti64 varying maximum particle size from 60 to 110 𝜇m (bottom).
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Table 9: Calibration constants and curve-fitting parameters in the MSF model for Ti-6Al-4V.
Symbol Units EX
EBM
Incubation Stage Parameters
𝐶𝑁𝐶
0.12
0.8
𝑀
0.40
0.7
𝛼
-0.62
-0.62
𝑞
1.85
1.85
𝑦1
48
180
𝑦2
N/A
N/A
𝜉
1.25
1.0
𝑟
0.03
0.03
𝐵
2.3
3.0
𝑄
1.02
0.35
𝑛′
0.021
0.02
𝜂lim
0.5
0.14
𝜂𝑡
0.92
0.90
𝑚𝑇
1/°C
0.0012 0.0003
𝑇𝑡ℎ
°C
400
400
Small Crack Stage Parameters
𝜔
2
2
𝜇𝑚
𝑎𝑓
500
500
𝜃
0
0
𝜁
4.0
3.1
CI
14,000 150,000
CII
1/𝜇𝑚 0.005
0.016
𝜒
0.3
0.3
Δ𝐶𝑇𝐷𝑡ℎ
𝜇𝑚
3.2E-4 3.2E-4
𝛾𝑀𝑂
0
0
𝛾𝐺𝑆
0
0
𝛾𝐻𝑉
0
0
𝛾𝑆𝐹
0
0
𝜆
0.4
0.4
𝑈
0.5
0.5

Description
HCF constant related to the Coffin-Manson law
LCF ductility coefficient in Coffin-Manson law
Ductility exponent in Coffin-Manson law
Exponent in remote strain to local plastic shear strain
Constant in remote strain to local plastic shear strain
Constant relating load ratio effects to remote/local shear strain
Plastic zone size influence modifier in 𝑌̅
Exponent in final stage of plastic zone size relationship
Plastic zone size exponent
Coefficient in threshold strain calculation
Cyclic strain hardening exponent in Ramberg-Osgood equation
Percolation limit of microplasticity
Transition limit in plastic zone size relationship
Slope of linear temperature effect
Threshold temperature at which oxidation effects begin
Pore effect coefficient
Final crack length in small crack growth
Load path dependent and loading combination parameter
Exponent in Small Crack growth
LCF constant in Small Crack growth
HCF constant in Small Crack growth
Crack growth rate constant
Crack tip displacement threshold value
Grain misorientation effects exponent
Grain size effects exponent
Hardness effects exponent
Schmid factor effects exponent
Exponent on inclusion effects term 𝜓
Function of load ratio 𝑅

7.2 Integration of Temperature Dependence into MSF Model
Finally, the temperature dependence of the MSF model is presented in Figure 36, overlaid
with experimental data. The original hypothesis of an Arrhenius temperature dependence factor
was rejected, because according to the experimental results, fatigue life does not strictly decrease
with increasing temperatures. In fact, the influence of temperature on overall life appears to differ
in the LCF and HCF regimes.
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Figure 36: MSF model temperature dependence and model fitment to experimental data at
elevated temperatures for extruded Ti64 (top), and EBM Ti64 (bottom).
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In the HCF regime of the extruded Ti64, fatigue life is observed to decrease slightly at 150
°C, then increase significantly at 300 °C, followed by a sharp decrease in life at 550 °C. However,
for the same material in the LCF regime, room temperature resulted in the longest life, 150 °C
decreased life the most, 300 °C produced a life between room temperature and 150 °C, and 550
°C resulted in a life nearly equivalent to what was seen at room temperature. Further, these trends
are repeated in the EBM material, where different temperatures are observed to produce peak life
in the LCF and HCF regimes. Such behavior complicates the integration of temperature
dependence to the model.
Therefore, a physically based approach was preferred over a phenomenological approach,
in which all mechanical properties that were observed to depend on temperature were adapted
to be functions of temperature within the MSF model. This way, those constants that are
calculated from mechanical properties are automatically adjusted when a new temperature is
input to the model. Unfortunately, this approach requires a significant increase in the number of
model parameters to define the coefficients of the linear, parabolic, and third-order temperature
dependent relationships of all mechanical properties, which are presented in Table 10. However,
these changes alone were insufficient to have the model fit the data at elevated temperatures.
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Table 10: Coefficients of polynomial equations to describe temperature dependent mechanical
properties.
Symbol
𝑐𝑦𝑐𝑙𝑖𝑐
𝜎𝑦1
𝑐𝑦𝑐𝑙𝑖𝑐

𝜎𝑦2
𝑆𝑢1
𝑆𝑢2
𝐸1
𝐸2
𝐸3
𝐸1′
𝐸2′
𝐸3′
𝐸1∗
𝐸2∗

𝑐𝑦𝑐𝑙𝑖𝑐

𝜀𝑦1

Units
MPa
°C
MPa
MPa
°C
MPa
MPa
(°C)2
MPa
°C
MPa
MPa
°C 2
MPa
°C
MPa
MPa
MPa
%

Extruded Ti64
-0.4138

EBM Ti64
-0.4751

703.2

772.76

-0.9729

-0.5964

1097.6
-0.1433

1051.5
-0.04707

-13.751

-17.6678

113,463
-0.0114

119,618
-0.03908

-39.128

-17.635

109,957
-1.74E+6
9600
-3.0E-9

121,696
-1.46E+6
4600
1.0E-9

𝜀𝑦2

𝑐𝑦𝑐𝑙𝑖𝑐

%

2.0E-6

-7.0E-7

𝑐𝑦𝑐𝑙𝑖𝑐
𝜀𝑦3
𝑐𝑦𝑐𝑙𝑖𝑐
𝜀𝑦4
𝐾1′

%

3.0E-4

-2.0E-4

%
MPa
°C
MPa

0.8105

0.8517

-0.4685

-0.5286

796.06

873.93

𝐾2′

It is generally understood that temperature is a rate-increasing factor in nature, so it was
posited that an increase in temperature would increase the rate of damage accumulation and
subsequent crack growth. An exponentially increasing temperature factor such as the Arrhenius
equation would cause a severe reduction in life at high temperatures, but this was not seen to be
true from experiments, particularly in the LCF regime where high temperature tests were seen to
approach or exceed the life at room temperature. However, a linearly increasing temperature
factor was found to help the prediction better accommodate the experimental results, and was
incorporated to the incubation and small crack stages of the model through the term 𝐶𝑇 .
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Additionally, an oxidation effects term was added to the model to better capture the changes in
fatigue life behavior observed at 550 °C. This term is particularly applicable to the extruded Ti64
material, in which fatigue cracks typically incubated at or near the surface. Oxygen diffusion
resulting in oxidation embrittlement in Ti64 is known to produce a gradient in oxidation from the
outer surface to the bulk material, in which the surface material is most affected. Also, since
diffusion is a transient process, the HCF regime in which the test specimens were exposed to high
temperatures for a longer duration of time is expected to be most affected by oxidation. Thus,
oxidation embrittlement is believed to account for the significant reduction in life observed in the
extruded Ti64 in the HCF regime, and have a comparatively low impact on the HCF behavior of
EBM Ti64 since fatigue incubation and small crack growth are dominated by internal defects
rather than surface features.
Another challenge observed in Figure 36 is the sharp change in the model prediction
curves for very low cycle fatigue at certain temperatures. This drastic change in slope is driven
by the small crack growth equations, which are principally dependent on the Ramberg-Osgood
approximation to the cyclic stress strain curves. Despite integrating a temperature dependent
cyclic strength coefficient 𝐾′ (as presented in Chapter V) to correlate cyclic strength reduction
with increasing temperatures, there still exist significant differences between the cyclic data
points and the Ramberg-Osgood approximation at the cyclic yield point. Referring back to Figure
24, it is evident that the cyclic data indicates a spike in the cyclic stress strain curve at the yield
point before relaxing the stress as greater plastic strains are achieved. The Ramberg-Osgood
model is incapable of capturing the spike and change of direction, and the best approximation to
the data was utilized instead. As a result, the small crack regime calculation bends early at some
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temperatures. A potential solution would be to replace the Ramberg-Osgood approximation with
a more accurate model such as the Internal State Variable model of Cho et al. [52], but this would
add significant complexity to an already parameter-heavy model. Thus, this remains an area of
future work.
While the temperature effects integrated to the MSF model herein demonstrate a
reasonable approximation to elevated temperature fatigue life in extruded and EBM Ti64, it is
also acknowledged that there exists an appreciable departure between the model prediction and
experimental results for the extruded Ti64 at 300 °C, and the EBM Ti64 at 550 °C. There likely
exist additional thermal phenomena at play regarding these regions which have not yet been
explored.
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VIII. CONCLUSIONS
8.1 Static Mechanical Behavior
a) The monotonic performance of extruded and EBM Ti64 is reasonably similar regarding elastic
modulus, yield strength and ultimate strength. However, the greatest difference is in
ductility, where the EBM processing method results in an elongation to failure approximately
half that of extruded Ti64.
b) While the monotonic performance of extruded and EBM Ti64 is similar, fractographic analysis
reveals starkly different failure mechanisms. The extruded Ti64 demonstrates the typical
ductile failure mode of void nucleation, growth, and coalescence, producing a highly dimpled
fracture surface surrounded by a cup-and-cone formation from shear failure along the 45°
maximum shear plane. In contrast, the EBM Ti64 monotonic failure surface consists of a
highly tortuous surface of peaks and valleys, in which failure begins by brittle cleavage sites
at clusters of lack-of-fusion defects, creating stress concentrations that produce shear
deformation along a 45° cone from the cleavage site. Coalescence of these shear cones result
in the final fracture surface of peaks and valleys.

8.2 Cyclic Performance
a) Subsurface particle and particle clusters are the typical fatigue incubation site of extruded
Ti64. The fatigue fracture surface is dominated by a single fatigue crack, though occasionally
multiple incubation sites were identified.
b) Lack of fusion (LOF) defects are the most common fatigue incubation sites in EBM Ti64. Since
all specimens were polished to a mirror finish in the gage length, the surface effects were
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outweighed by the rapid damage accumulation at internal defects. Similar to the monotonic
fracture surface, incubation sites not only contained LOF defects at their center but a region
of smooth brittle cleavage. Beginning at the brittle cleavage boundary, river marks can be seen
extending outward indicating fatigue crack growth. Further, EBM Ti64 often displayed
several distinct incubation sites, some of which were joined by coalescence in the small crack
or long crack growth regimes, but others incubated and propagated fatigue cracks entirely
independent of other incubation site influence. The fact that localized fatigue crack growth
was observed on multiple heights resulting in a very rough final fracture surface indicates
that the mechanisms of brittle cleavage and fatigue crack growth were occurring throughout
the gage length volume, rather than being dominated by a single plane of damage.
c) Cyclic loading at elevated temperatures was hypothesized to reduce fatigue life with
increasing temperature. However, the fatigue life at increasing temperatures was found to be
very similar, if not greater than, the life at room temperature. This is due to the competing
mechanisms of strength reduction but increasing ductility as temperature increases, causing
the cyclic yield strain to remain nearly the same. In fact, when the applied strain amplitude is
normalized by the cyclic yield strain at the tested temperature, the strain-life fatigue data
tends to align along a single curve, particularly in the LCF regime while the HCF contains
slightly more variation.
d) The Ramberg-Osgood approximation is unable to capture the behavior of the spike observed
near the yield point of the cyclic stress-strain data taken from the peaks of the mid-life
hysteresis loops. This spike causes difficulty in translating the data from a strain-life plot to a
stress-life plot, because the same stress is achieved at multiple strains, thus changing the
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shape of the stress-life curve and causing significant scatter in the plot. Further, the MSF
model relies on the Ramberg-Osgood approximation to determine the applied stress at a
given strain, which introduces uncertainty to the MSF model prediction around the spike in
the curve.

8.3 MultiStage Fatigue Modeling
a) The changes and additions to the MSF model made over the past two decades have been
analyzed and formalized into an enhanced version. Notable changes include modifications to
the plastic zone size growth definition

𝑙
𝐷

and its integration to the 𝐶𝑖𝑛𝑐 equation. The

nomenclature of the model parameters has also been revised to a more intuitive naming
convention. The nomenclature section 6.1 of this work provides descriptions of every
parameter, and section 6.3 explains every equation and parameter in context, greatly
simplifying the learning process for those new to the model.
b) Temperature dependence was integrated to the MSF model in three key aspects. First, the
temperature-dependent relationships of monotonic and cyclic mechanical properties were
determined, and a new series of constants are introduced to define the linear, parabolic, and
third-order

relationships
𝑐𝑦𝑐𝑙𝑖𝑐

𝐸, 𝐸 ′ , 𝐸 ∗ , 𝜎𝑦 , 𝜎𝑦

𝑐𝑦𝑐𝑙𝑖𝑐

, 𝜀𝑦

observed.

The

affected

parameters

include

, 𝐾 ′ , 𝑆𝑢 . Second, a linear temperature factor was introduced to the

incubation and small crack stages of the model through a multiplicative factor in a similar
fashion to other microstructure effects. Third, an oxidation effects term was also introduced
to the model acting as a multiplicative factor in the incubation and small crack stages, with
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unique exponents for the LCF and HCF regimes to represent the increased effects of longer
exposure times in the HCF regime.

8.4 Recommendations and Areas of Future Study
While the work herein laid the initial foundations for a robust temperature-dependent
and microstructure-sensitive fatigue model for Titanium alloys, there remains further work to
refine it.
1. Given the complex nature of fitting the MSF model to experimental data by manipulating
several shape parameters and calibration constants, there is some educated guesswork
involved in selecting those values. One way to refine the model and enhance the accuracy of
the model constants is to experimentally determine the transition point from the incubation
regime to the small crack regime. This is done by utilizing notched specimens to control the
location of crack incubation, and then count the number of cycles until a crack appears on the
surface of the notch. The ideal means of accomplishing this would be to conduct in-situ testing
in an SEM, to watch each cycle and measure crack size in real time. If such equipment is not
available, an alternative means is a crack replica method involving a silicon-rubber compound
that is applied to the notch at predetermined intervals and allowed to cure in place, effectively
replicating the notch surface, as was done in the work of Jordon et al. [111] for an aluminum
alloy. Sputter-coated silicon-rubber replicas can then be imaged and measured in an SEM to
determine crack size and growth rate over time. Further, by measuring crack length over time
through the small crack regime, the crack growth rate may also be empirically determined to
further refine the model and adapt model constants to match the small crack growth rate.

119
2. The model generated herein may be enhanced by additional microstructural measurements,
specifically those of grain orientation and misorientation. Current available equipment did
not include the capability of electron backscatter diffraction (EBSD) to determine grain
orientation/misorientation measurements. These values are important for an accurate model,
particularly given the anisotropic nature of both the electron beam melting (EBM) and
extrusion processing methods which both induced significant texture orientations into the
microstructure.
𝑙

3. Currently the plastic zone size relationship (𝐷) for the Ti-6Al-4V alloy is an approximate
solution based on the normalized curves plotted from the micromechanical simulation results
of both Xue [2] and McCullough [7]. However, the shape-fitting parameters 𝜂𝑡 and 𝐵 could
be refined if micromechanical simulations were done to determine the plastic zone size
related to applied strain for the Ti64 alloy.
4. The relationship between temperature and fatigue life shall be further investigated by
corroborating the strain-life data gathered herein with additional load-controlled testing. As
temperature increases, the cyclic yield strain remains nearly constant due to the competing
mechanical properties of the decreasing elastic modulus as well as the decreasing yield
strength. This is best understood with reference to Figure 28, which shows the strain-life
fatigue data at elevated temperatures normalized by the cyclic yield strain at each
temperature tested, resulting in data that is very closely overlaid essentially producing a
single curve. Perhaps the more elucidating figure would be one of stress-life, where it is
known that strength decreases with increasing temperature. Thus, for load-controlled
applications a stress-life plot showing temperature variation is more insightful. However, the
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spike in the cyclic hysteresis loop peak points near the cyclic yield point causes the translation
from strain-controlled to load-controlled data to appear highly scattered and inconsistent.
Therefore, additional load-controlled testing to supplement the existing data could provide
the necessary insight.
5. The Ramberg-Osgood model is incapable of capturing the overshoot behavior at the cyclic
yield strain observed in Ti64. It remains used in the MSF model for simplicity, however
further work to include a model capable of capturing overshoot behavior without adding
significant complexity to the MSF model would be of great value.
6. Though this work reviewed the recent literature on the effects of dwell sensitivity in titanium
alloys, the unique influence of dwell was not included in the experimental scope of this work.
Future work to integrate the effects of dwell sensitivity into the revised MSF model described
herein would greatly benefit the applications of the model for the Ti-6Al-4V alloy.
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Appendix
Experimental Fatigue Data
Table 11: Summary of constant amplitude strain-controlled fatigue tests for extruded and EBM
Ti-6Al-4V under fully reversed strain conditions at room temperature, 150°, 300°, and 550°C. EBM
Ti64 is shaded gray, while the extruded Ti64 material is left unshaded.
Specimen ID
F-AM-T23-1.0sa
F-AM-T23-1.0sa-2
F-EX-T23-1.0sa
F-EX-T23-1.0sa-2
F-AM-T23-0.8sa
F-AM-T23-0.8sa-2
F-EX-T23-0.8sa
F-EX-T23-0.8sa-2
F-AM-T23-0.7sa
F-AM-T23-0.7sa-2
F-EX-T23-0.7sa
F-EX-T23-0.7sa-2
F-AM-T23-0.6sa
F-AM-T23-0.6sa-2
F-EX-T23-0.6sa
F-EX-T23-0.6sa-2
F-EX-T23-0.55sa
F-EX-T23-0.55sa-2
F-AM-T23-0.5sa
F-AM-T23-0.5sa-2
F-EX-T23-0.5sa
F-EX-T23-0.5sa-2
F-AM-T23-0.4sa
F-AM-T23-0.4sa-2
F-AM-T23-0.35sa
F-AM-T23-0.3sa
F-AM-T150-0.8sa
F-EX-T150-0.8sa
F-AM-T150-0.7sa
F-EX-T150-0.7sa
F-EX-T150-0.7sa-2
F-AM-T150-0.6sa
F-EX-T150-0.6sa
F-EX-T150-0.6sa-2
F-AM-T150-0.5sa
F-EX-T150-0.55sa
F-AM-T150-0.4sa

Proc. Method
EBM
EBM
Extruded
Extruded
EBM
EBM
Extruded
Extruded
EBM
EBM
Extruded
Extruded
EBM
EBM
Extruded
Extruded
Extruded
Extruded
EBM
EBM
Extruded
Extruded
EBM
EBM
EBM
EBM
EBM
Extruded
EBM
Extruded
Extruded
EBM
Extruded
Extruded
EBM
Extruded
EBM

Temp (°C)
23
23
23
23
23
23
23
23
23
23
23
23
23
23
23
23
23
23
23
23
23
23
23
23
23
23
150
150
150
150
150
150
150
150
150
150
150

𝑹𝒂 micron
0.028
0.026
0.025
0.042
0.037
0.052
0.051
0.036
0.063
0.066
0.052
0.034
0.047
0.055
0.031
0.046
0.048
0.052
0.042
0.057
0.029
0.021
0.043
0.055
0.032
0.031
0.010
0.065
0.028
0.045
0.043
0.037
0.025
0.053
0.031
0.043
0.015

D (mm)
6.60
6.56
6.33
6.32
6.81
6.70
6.33
6.41
6.70
6.69
6.37
6.34
6.72
6.76
6.33
6.32
6.33
6.32
6.62
6.62
6.34
6.32
6.70
6.68
6.58
6.68
6.52
6.37
6.50
6.38
6.37
6.50
6.39
6.35
6.51
6.35
6.53

𝒇 (Hz)
1
1
1
1
2
1
1
1
2
2
2
2
2
2
3
3
4
4
2
2
5
10
3
3
5
5
1
1
1
1
1
1
1
1
1
1
1

𝜺𝒂 (%)
1.0
1.0
1.0
1.0
0.8
0.8
0.8
0.8
0.7
0.7
0.7
0.7
0.6
0.6
0.6
0.6
0.55
0.55
0.5
0.5
0.5
0.5
0.4
0.4
0.35
0.3
0.8
0.8
0.7
0.7
0.7
0.6
0.6
0.6
0.5
0.5
0.4

𝑵𝒇
228
201
1040
797
965
700
2,740
3,860
1,755
1,721
13,124
15,042
2,786
3,802
29,490
34,475
55,366
347,503
7,274
6,033
>2,114,753
>13,718,366
22,119
21,525
39,292
66,058
788
1,773
1,562
6,403
5,970
4,214
30,940
21,598
7,808
295,472
34,954
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F-AM-T150-0.3sa
F-AM-T300-0.8sa
F-EX-T300-0.8sa
F-AM-T300-0.7sa
F-EX-T300-0.7sa
F-EX-T300-0.65sa
F-AM-T300-0.6sa
F-EX-T300-0.6sa
F-AM-T300-0.5sa
F-EX-T300-0.55sa
F-AM-T300-0.4sa
F-AM-T300-0.3sa
F-AM-T550-0.8sa
F-EX-T550-0.8sa
F-AM-T550-0.7sa
F-EX-T550-0.7sa
F-AM-T550-0.6sa
F-EX-T550-0.6sa
F-EX-T550-0.55sa
F-EX-T550-0.55sa-2
F-AM-T550-0.5sa
F-EX-T550-0.5sa
F-AM-T550-0.4sa
F-AM-T550-0.3sa

EBM
EBM
Extruded
EBM
Extruded
Extruded
EBM
Extruded
EBM
Extruded
EBM
EBM
EBM
Extruded
EBM
Extruded
EBM
Extruded
Extruded
Extruded
EBM
Extruded
EBM
EBM

150
300
300
300
300
300
300
300
300
300
300
300
550
550
550
550
550
550
550
550
550
550
550
550

0.017
0.020
0.045
0.025
0.063
0.041
0.025
0.052
0.033
0.052
0.054
0.010
0.020
0.060
0.032
0.053
0.014
0.047
0.040
0.030
0.020
0.041
0.024
0.018

6.41
6.51
6.37
6.30
6.33
6.35
6.25
6.34
6.41
6.34
6.25
6.46
6.47
6.34
6.40
6.35
6.47
6.34
6.37
6.35
6.43
6.34
6.53
6.46

1
1
1
1
1
1
1
1
1
2
1
1
1
1
1
1
1
1
1
1
1
1
1
1

0.3
0.8
0.8
0.7
0.7
0.65
0.6
0.6
0.5
0.5
0.4
0.3
0.8
0.8
0.7
0.7
0.6
0.6
0.55
0.55
0.5
0.5
0.4
0.3

123,468
709
2,418
1,003
5,095
14,842
1,894
140,389
4,209
738,710
14,880
56,028
1,143
2,498
1,587
4,871
3,858
16,374
18,928
29,993
5,932
>856,175
14,507
38,175

The > indicates a runout test that was stopped prior to failure, assumed to be infinite life.
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Experimental Equipment

Figure 37: Experimental setup of Instron 8801 servo hydraulic fatigue machine for hightemperature fatigue testing. Note the furnace enclosing the specimen between the grips, with the
extensometer mounted to the specimen through an opening in the front of the furnace. The
extensometer is also air-cooled by a small fan mounted to the left side of the furnace. The grip
heads are water-cooled and plumbed to a heat exchanger to maintain a constant temperature
through the duration of the test.
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Figure 38: Room temperature strain-controlled monotonic tensile test configuration using
electromechanical Instron 5982 test machine.

Figure 39: High temperature strain-controlled monotonic test configuration using
electromechanical Instron test machine with furnace attachment, and Inconel 713-C extension
rods and threaded grips.
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Fractographic Analysis

Figure 40: Typical Lack of Fusion (LOF) defects found at the site of brittle cleavage on the
monotonic fracture surface.
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Microstructure Characterization

Figure 41: Longitudinal and transverse orientations depicted in reference to the extrusion
direction and build direction for the extruded and EBM materials respectively.

135

Figure 42: Confocal microscopy image of longitudinal cross-section of (top) extruded Ti64 and
(bottom) EBM Ti64. Images captured at 5x magnification and stitched to cover full area.
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Figure 43: Confocal microscopy image of transverse cross-section of (top) extruded Ti64 and
(bottom) EBM Ti64. Images captured at 5x magnification and stitched to cover full area.
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Figure 44: Laser scan of a single Ti64 powder particle to show surface texture.

Figure 45: Surface of transverse (left) and longitudinal (right) extruded Ti64. Polished surface was
etched with Kroll’s etchant to reveal grain boundaries, elucidating the elongated grain
morphology oriented along the extrusion direction. Typical basket-weave microstructure of 𝛼laths developed inside prior-𝛽 grains is evident in the longitudinal image taken at 1000x.
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Figure 46: Etched surface of EBM AM Ti64 revealing basketweave microstructure pattern of 𝛼laths developed inside prior-𝛽 grains. Pictured centrally is a debonded particle of diameter about
50 𝜇𝑚, typical of the average metal powder particle diameter.

Figure 47: Etched transverse surface of EBM Ti64 with grain boundaries highlighted to visualize
the elongated epitaxial grain growth typical of the EBM process.

